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Cold Plasma Alfven Wave

Jan 31st, 2023

Basic Settings

1. 2-luid theory

2.Cold:T,=0

3. ion-electron plasma

4. Uniform magnetized

5. Quasi-neutrality: 3, naogs0 =0 = 3, w2, /w2, =0 and  wiwes + whewes =0

I1. Linear Dispersion Relation

1. Linearization

n, = Ny + €Ny, ﬁa = eﬁal’E = GEhE: BO + eﬁol;ﬂq = GPquj= e--fl

and Fourier transform: according to

- 1 S +oo -~ '-* _ -
@t = @ [_ . [ . Fk, w)e'®2-Dd%kdu,

V - ik, %—)—iw

Linearized and Fourier transformed equations:

Continuity Equation: ot +V - (2,T,) = 0 = wiiy = neek - T

=

Momentum Equation: m,n, (0;, +0,- Vﬁ.) = q,n,(ﬁ+ fJ, X ﬁ) = —iwf-j,,l = %(1::31 +I:j.1 X ﬁo)

Ampere's Law: Vxﬁ=p03+ poeo%—? =ﬁx§1=m§1—ipoeowﬁ1
. 8B Y = 5
Faraday's Law: VXE=——8—t=>k><E1=wBl
ﬁgiﬁ-ﬁ;l:ﬂ
€ €
No Magnetic Monopole : V-§=0=>l?-ﬁ1=0

Charge Density: pq= Y DeGs = fo1 = Y Bards
[} 8

Gauss’s Law: V.E=

Cwrrent Density: J = Z n,q,U, = 3.1 = 2 n.oq,f-j.l

2. From momentum equation find Jy = & - B

iHl. Limits of the Cold Plasma Alfven Wave

_ . P S . 0] [By
"1=Z""1'U1=Z""1':,—’ T o 9| | By
] [] 8 @ o . ~
o o i |BE.
3 From# x (7 x E) + € - E = 0 find linear dispersion relation:
S—nlcos?0 —iD  nsinfcosd | | Ere
iD  §-n? 0 By| =0
n2sinfcosd 0 P-nsin®)] |5
Z

@2.1)

(2.2)

(2.3)

(2.4)

25)

(2.6)

@7)
(2.8)

(2.9)
(2.10)

(2.11)

(2.12)

(213)



1.k || By, choose k = kzand By = Boz,and 6 = 0
2. low frequency w < we K [Wee| K wpe =

w? w?. + w? w? w?.
R=1- = _—1- R Nlt+—E =14+ -2 L
Z w(w +wes) (W + wa) (W + wee) Wei |Weel w
1 W 1 Whe
S=E(R+L)z1+-w—2d, D=-2-(R—L)N0, PN—F
3.0
IV. Mode Frequency
With the approximations above, the linear dispersion relation now is:
144 2 0 0
S—-n2 0 0] | B i En
0 S-n? Of |By|=| o 1+%-w o [|Ba|=0
0 0 PllE, & | LEa
0 =

2 wz
= (1+ :—’; - n‘)*(—ﬁ’f) =0

K2
1+-%
with vy = Bo Bo

+/thonjomy - Viopio

Hence, phase velocity 5, = w/k = +v43, group velocity v, = 8w/8k = v43, And this mode is non-dispersive.
We choose E; = (£,,0, 0) as our eigenfunction to do the following calculations.

V. lon and Electron Current

1 lon Current:
From eq.(2-12):

". _ = qi WEl o WdEI ~
Ju= ﬂm'liﬁn = n.foq.';; (w’*’ ) &+ ) !l)
g (LB 1 B
s \w1- (we/w)? wei (w/weg)?—1 Y

a [wE B iwhy E
iodi - ( e o !7) 0l o wdi g 9

Recall the polarization drift and ExB drift along with their Fourier transformed fomula:

Bop = —22 £=v A
sP .Bﬁ dt sP wcaBO
3 _Eleo ! Eleo

(3.1)

(4.2)

(4.2)
(4.3)

(4.9)

(5.1)

(5.2)

(5.3)

We can see that the first term is caused by ion polarization drift. In real space, the ion polarization current is pointing towards the

direction where E; is increasing. The second term is due to the ion ExB drift, pointing to the direction of —j.

Compare the magnitude of these two terms:

I"s'oqs—::%| w
Iniogi 5| N

, meaning the ExB drift current dominates.

(5.4)



2. Electron Current: Similarly,
iwhh
Jor = neogUa = neolqel| B, ==+neolqe| B Lj (5.5)

The first term is electron polarization drift current, pointing towards the same direction as the ion polarization drift. Also note
that if we only focus on the electron velocity, we will find that electrons are moving to the opposite direction of the electron
polarization current. The second term is the electron ExB drift current, flowing to +§ direction, with electrons moving along -4

Compare the electron velocity and ion velocity, we will find that they are moving together.

3. Total Current:

2 WY § — neolgel Z+ ny u
weiBo B |wee| Bo B,
iwk, ( 1 1 )
= —-Nip@i——| —— + — | T 5.6

lon and electron ExB drift currents are canceled by each other. Only polarization drifts are left to contribute to the total current,
which points to the +2 direction in real space. Note that —i shows up in the Fourier coefficient J; means in the position space,
the current Jj is w/2 out of phase compared to the perturbed electric field Ey.

VI. Limiting Behavior

Recall that the mode frequency w = +kv 4, this means the order of infinitesimal of w and k are the same as long as v, is constant,

and k — 0 is a natural consequence of low frequency.
Make use of other equations to study its behavior:

* From Gauss's Law eq.(2.8) k- I':fl = 0, meaning wave is transverse.

+ From Faraday's Law eq.(2.7) solve for Bi= (Bizy Bry, By.):

- s 5
kx By =wB;

-"_kEl. " E'l._-.
= Bi1= o ixE —:i:”Ay—Bly (6.1)
Hence, the perturbed magnetic field is: 131 = (0,2E1 /v4,0).
« Examine terms in the Ampere's Law eq.(2.6):
- 5 w S
k x By = —ipoJ1 — ?E1
= —ipo [ —ningi 21 (—1—+ ! ) P X
= —tjio Ti0gi B P lweel P 1
ww? By
it W o .
- L, ¢-FEd (6.2)
The magnitude of two terms:
w B
l—caﬁf'l wd;
—_— = —2 >>1 (6-3)
|SE|  “a

Hence, we can safely neglect the displacement term.
In conclusion, the electromagnetic fluctuations propagating along the unperturbed magnetic field direction under the limit of

% — 0, to the lowest order, is acting like a light wave.

Vil. Physical Description

EM Wave:



+ Transverse motion: perturbations E; and B;are perpendicular to the wave propagation direction.
+ The Poynting flux vector § = (1 /po)E' x B points the direction of flowing energy, which is +2 in this case.
* The velocity of the magnetic field line is +v 4By, /Bo.

Fluid(Particles):

P
{

« Not compressional: - 5‘,1 = 0, hence fluid pressure and temperature do not come into play.

« The dominate fluid velocity is the ExB drift velocity B, /By, but the total current .71 only has contributions from the polarization
drifts.
» lons and electrons are moving together with the velocity +E; /B,.

EM Wave and Fluid:

« The total current introduces Ji x By force that is /2 out of phase of ExB drift velocity, causing particles moving up and down.
« Particles are moving together with the magnetic field line like they are frozen to the lines.

* Hence, Alfven wave is the hydromagnetic wave that are coupled with both hydrodynamic (fluid) and electromagnetic
phenomena.

Viil Cartoon

Qualitatively, E,, B,, and total current J;:

Electric Field: Orange Line
Magnetic Field: Green Line
Total Current: Purple Line

......... : B, Field Lines

—— . B, Field Lines

i
Electron Polarizatibn Current
+ lon Polarization :burrent

= Total Current

Fluctating £
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