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Success: N-body Simulation agrees with PS Prediction
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= Millenium sim.

= PS prediction 

The Millenium Simulation 
followed the evolution of 21603 
(~10 billion) particles in a 
periodic box 500 Mpc/h on a 
side in a ΛCDM cosmology.

At the time it was run (2005) it 
was one of the biggest 
simulations to date. Because 
of its superb statistics, it is 
ideally suited to test the PS 
mass functions...

At low redshift, the PS mass function under- (over)-predicts the abundance of massive 
(low mass) haloes. These problems become more pronounced at higher redshifts...

WARNING: this statement is sensitive to how haloes are identified in the simulation box.

                   Here a Friends-Of-Friends (FOF) algorithm has been used (see lecture 11)  
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Comparison with Numerical Simulations

Springel+2005



Problem: both the P-S and N-body halo mass function 
strongly disagrees w/ Observed galaxy mass function



The PS halo mass function does not 
have bounds. But it must truncate at 

some point.  
 

What is the minimum mass of halos?



The Jeans Criteria  
of Gravitational Instabilities



Stars form in the coldest and densest gaseous regions in the Galaxy



Jeans Criteria: Systems with 2K + U < 0 are unstable and will collapse

This is called the Jeans instability criterion:
 

We can express R as a ratio of  
M and the mean mass density ρ0: 

 

Replacing R in the Jeans criterion, we can derive a lower limit on 
the cloud mass M, above which it will become unstable:

 

i.e., for typical conditions in a dense molecular core, the lower 
mass limit (the Jeans mass) is about 8 MSun. 
In the above, we used the density relation: 
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Barnard 68  
a Bok globule

Wikipedia: Barnard 68’s interior is extremely cold, its temperature 
being about 16 K. Its mass is about twice that of the Sun and it 
measures about half a light-year across (0.15 parsec).



Jeans Length: the initial radius of the parent cloud

We have derived the Jeans mass: 

 

We also know the cloud radius R is simply a ratio between M 
and the mean mass density ρ0: 

 

Thus, the Jeans Mass and the initial mean density gives us 
the initial radius of the unstable cloud (Jeans length):

 

i.e., for typical conditions in dense molecular cores, the 
Jeans length is about 0.1 parsec or 20,000 AU. 
In the above, we used density relation: 
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Alternative way to think about instabilities: overdensities do 
not have to collapse, they can also undergo acoustic oscillations

x(t) = x0 sin(cst/L)

τ = 2πL/cs

c2
s =

∂P
∂ρ

=
γkT
μmH

P ∝ ργ and γ = CP /CV

Ideal Gas Solution

Simple gas cylinder + piston model derivation



Jeans Criteria: acoustic oscillation vs. gravitational collapse

• Based on continuity equation (mass conservation), Euler’s equation (momentum 
conservation), and Poisson Equation (density-potential pair), the evolution of a 
density perturbation ( ) is described by this DE: 

                                                

• Plug in the general solution , so that ,  
one can obtain the dispersion relation:  
                                                   
The solution has the following scenarios: 

• when , the perturbation oscillates in time (acoustic oscillations) 

• when , the perturbation grows exponentially (Jeans criteria)  
• Jeans (minimum) length: 

 

• Jeans (minimum) mass: 
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Chronology of the Universe Diagram

Epoch of Recombination 
z = 1100



p+ + e− → H + γ

The decoupling epoch marks both 
the recombination of Hydrogen and 

the last scatter of CMB photons

Strongly coupled photon-baryon fluid



Eisenstein+2007 calculated using CMBFAST (predecessor of CAMB) 

Evolution of the radial mass profile (comoving) of an initially overdensity

Near the initial 
time, the photons 
and baryons travel 
outward as a pulse. 

A wake in the cold dark 
matter is raised by the 
outward-going pulse of 
baryons and relativistic 
species 

Around 
recombination, the 
photons leak away 
from the baryonic 
perturbation 

After recombination, a 
CDM perturbation 
toward the center and a 
baryonic perturbation 
in a shell

Gravitational instability 
now takes over, and new 
baryons and dark matter 
are attracted to the two 
overdensities (center & 
outer shell)

At late times (z<10), 
the baryonic fraction 
of the perturbation is 
near the cosmic value



Using how the sound speed and

density scale with the scale 
factor we obtain the following

evolution of the Jeans length.
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Evolution of the Jeans Length
Jeans Length vs. Time



Jeans Mass vs. Temperature

M J
∝

a
3

M
J ∝ a −3/2

Trad = 2.7a−1 K = 2.7(1 + z) K



The Temperature at Recombination



The Temperature Corresponding to the Ionization Energy of Hydrogen

• To calculate the ionization energy, we can plug in nlow = 1 and nhigh = infinity. 	
• What temperature does 13.6 eV correspond to?	

                                             
T = 11604 K ( E

1 eV )

 

        nlow = quantum number of lower orbit	
       nhigh = quantum number of higher orbit	
           = energy required for the transition

ΔE = 13.6 eV ( 1
n2

low
−

1
n2

high
)

ΔE



mm-wavelength spectrum of the cosmic microwave background



The CMB spectrum should not be confused with the CMB power 
spectrum, which is a Fourier transform of the temperature anisotropy



Ionization Balance: 
Saha Eq. & Boltzmann Dist.



Solar Atmosphere: Understanding the Absorption Line Spectrum

• The Sun displays a complex absorption spectrum from the presence of 
over 70 elements.	

• The strongest lines are from singly-ionized Calcium ions at 3968.5 and 
3933.7 Angstroms. This seems quite strange given that Calcium is much 
more rare than Hydrogen.

Ca+ Lines

H-alpha



Solar Atmosphere: Understanding the Absorption Line Spectrum

• Why the strongest lines in the Solar spectrum are from singly-ionized Calcium instead 
of neutral hydrogen? Given that for every 1 Ca atom there are 500,000 H atoms. 

Ionization

Excitation



The Excitation of Neutral Hydrogen to Higher Energy Levels

• As temperature increases, more and more remaining neutral 
hydrogen are excited (Boltzmann Distribution): 	
                                           	

	
where g represent the degeneracy of each excitation state, and 
N2/N1 is called the excitation ratio.

N2

N1
=

g2

g1
e−(E2−E1)/kT



Ionization Equilibrium: Balance between ionization and recombination

• Saha (1920) Ionization Equation:	

                                                 	

	
NII/NI: number density ratio of two adjacent ionization states, 	
ZII/ZI: Partition functions or degeneracies of the ionization states,	
: ionization energy to go from I to II state, 	
 are electron density and electron mass

NII

NI
=

2ZII

neZI ( 2πmekT
h2 )

3/2

exp (−
χi

kT )

χi
neme

• Note that 
15000K is only 
1.3eV, which is 
10x smaller than 
the ionization 
energy (13.6eV)



The Combined Effect of Ionization and Excitation

• Causes a peak in the number of desired species that creates the H Balmer 
lines: neutral hydrogen (H I) at the first excited state (n=2)



Line Strength vs. Temperature / Spectral Type

(unit: 1000 K)
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First Ionization Energies of Common Elements



Solar Elemental Abundance (Relative to Hydrogen)



Solar Elemental Abundance (Relative to Hydrogen)

Asplund, M., Amarsi, A. M., & Grevesse, N. (2021)



Dependence of spectral line strengths on temperature

Figure 8.11 Carroll & Ostlie



Why H Balmer lines are strongest in A-type stars? 



Apply Saha (1920) Ionization Eq. 
to the Universe to calculate  

the ionization fraction vs. redshift



Saha equation result: ionization fraction vs. redshift



When did the CMB emerge? 
 

the last scattering surface



How did the CMB emerge?  
First, EM waves are trapped in an ionized universe

• When the universe was hot and the gas was ionized, photons were trapped with matter.	
• Free electrons interact strongly with photons (Thomson scattering).	
• We cannot observe anything during this era. It’s as if the universe is filled with a 
dense fog.



How did the CMB emerge? 
Then, protons and electrons recombined to form hydrogen
• Eventually, the expansion causes the temperature to cool enough that protons 
and electrons could form neutral H atoms: this phase-transition of the 
Universe is called the epoch of recombination (EoR).	

• At that time, light was no longer blocked from its travel by free electrons.	
• EoR marks the earliest point in the universe that we can observe.



CMB Photons travel straight to us from the last scattering surface

• Analogous to the last scattering surface that marks the surface of 
the Solar photosphere



Solar Atmosphere: Last Scattering Surface

•The Sun has no solid surface, but the apparent surface of the Sun is 
the surface at which light can directly escape into space.	

•Let’s call this surface the last scattering surface (a concept also 
used in cosmology). Note that its depth depends on (1) the angle 
we look into the Sun and (2) the wavelength of the photons	

•The layers above this point are known as the atmosphere, which 
can be directly observed.

Last  
Scattering 

Surface

depth  mean free path≈



The photosphere of the Sun is the surface where  (depth = mfp)τ = σnl = l/mfp → 1

(It takes a photon 100,000 years to travel from the core to the surface of the sun)



The CMB emerges when the mean free path of photons 
reaches the size of the cosmic horizon (~ct)



How gas become fully ionized at a 
temperature 10x lower than 

ionization energy divided by k? 
 

Tionized ≪ χi/k



Ionization of Hydrogen in Stellar Photospheres

• Note that 
15000K is only 
1.3eV, which is 
10x smaller than 
the ionization 
energy (13.6eV)



Ionization of Hydrogen in the Early Universe, Even lower T!

• At z = 1500, T = 
4500 K 0.5 eV, 
which is 30x 
smaller than the 
ionization 
energy (13.6eV)



Collisional Ionization vs. Recombination



Maxwell-Boltzmann Velocity Distribution Function

⟨Ekin⟩ =
1
2

m⟨v2⟩ =
3
2

kT



How to determine ? 
Big Bang Nucleosynthesis &  

CMB Power spectrum

Ωb,0



Baryonic Matter Density from Big Bang Nucleosynthesis
He:H = 1:12, at the start of BBN, 
there were about 7 protons for every 
1 neutron (due to neutron decay 
before fusion began).



CMB power spectrum & cosmological parameters

Sonic horizon: 
 θs = xh,s /xrec ∼ (Ωm,0h2, h)

Ωb,0h2
Ωm,0h2

Silk Damping: photon 
diffusion of short 

wavelength sound 
waves



The Era of Precision Cosmology (1-2% errors)

https://arxiv.org/abs/1502.01589

Planck 2015 Results. Table 4

https://arxiv.org/abs/1502.01589


Quantifying CMB anisotropies w/ 
temperature power spectrum



Analogy: Expressing periodic density fluctuations as the 
sum of Fourier bases

δ(x) =
∞

∑
k=2π/l

δ(k)eik⋅x

P(k) = V⟨ |δ(k) |2 ⟩Power Spectrum:

Fourier Transform:



Spherical harmonics , Laplace 1782Ym
l (θ, ϕ)

  3           2            1           0          -1           -2         -3m =

  
0 (s) 

1 (p) 

2 (d) 

3 (f)

l =
Quantum Mechanics:


l: orbital angular momentum

m: z-axis projection of l

l ≈ π/θ



Representing CMB anisotropies as a sum of spherical 
harmonics Ym

l (θ, ϕ)



CMB - Scaler - Dipole = MW + Anisotropies



Mollweide (equal-area) projection



Spherical harmonics in Mollweide projection
m = l



Expressing anisotropies as sum of spherical harmonics

δT(θ, ϕ) =
∞

∑
l=1

l

∑
m=−l

al,mYm
l (θ, ϕ)

P(l) =
l(l + 1)

2π
Cl =

l(l + 1)
2π

1
2l + 1

l

∑
m=−l

|al,m |2Temp. Power  
Spectrum:

Harmonic 
Decomposition:



WMAP temperature power spectrum



Planck temperature power spectrum



Harmonic spectrum of a flute

https://www.intmath.com/fourier-series/6-line-spectrum.php



Explaining the peaks in the 
temperature power spectrum
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acoustic waves

growth

growth

It can be shown that the proper 
(particle) horizon during the 
radiation dominated era follows 

�prop

H
= 2 c t

(see problem set 1)

which is the same as the Jeans

length during this era, except for

a factor of order unity....

For comparison, in a matter-dominated Universe we have that �prop

H
= 3 c t

Using that super-horizon perturbations experience growth, we can distinguish

three different regions in our scale-size diagram for the evolution of baryonic

perturbations in an expanding space-time...

However, this picture is not yet complete....
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The Evolution of Baryonic Perturbation
Jeans Length vs. Horizon



After recombination

random acoustic oscillations frozen at recombination



3rd peak

2nd trough

2nd peak

1st trough

1st peak

Recombination 
photon-baryon decoupling

Time

δT
Compression

Rarefaction

Acoustic oscillations frozen at recombination



• First peak ( ): the largest structures that could 
have reached maximum compression at recombination:




• Second peak ( ): the largest structures that could 
have reached maximum rarefaction 

l ∼ 200

τ = 2πL/cs = 2trec → L ∼ cstrec ∼ sonic horizon

l ∼ 500

τ = 2πL/cs = trec → L ∼ cstrec/2 ∼ sonic horizon/2

Multipoles  of the first two peaksl

2nd 

1st 

Recombination 

Time

δT Compression

Rarefaction



CMB power spectrum & cosmological parameters

Sonic horizon: 
 θs = xh,s /xrec ∼ (Ωm,0h2, h)

Ωb,0h2
Ωm,0h2

Silk Damping: photon 
diffusion of short 

wavelength sound 
waves



CMB power spectrum & cosmological parameters

reionization optical depth

baryon densitycurvature

dark matter density

Kamionkowski 2007



The Era of Precision Cosmology (1-2% errors)

https://arxiv.org/abs/1502.01589

Planck 2015 Results. Table 4Ωb/Ωm = 0.157 ≈ 1/6

https://arxiv.org/abs/1502.01589


Phase Coherence Problem: 
who is the conductor?



After recombination

random acoustic oscillations frozen at recombination



WMAP temperature power spectrum



Implications of the strong 
harmonic peaks

• Oscillations of all density fluctuations of a given size (thus 
having the same frequency) must reach their maximum 
compressions / rarefactions at the same time.


• This requires that they begin their oscillations 
simultaneously and with coherent phases


• In other words, to play the cosmic symphony the universe 
needs a conductor



3rd peak

2nd trough

2nd peak

1st trough

1st peak

Recombination 
photon-baryon decoupling

Time

δT
Compression

Rarefaction

Acoustic oscillations frozen at recombination



The inflation theory vs. standard model



Inflation also solves the phase coherence problem by 
expanding density fluctuations to super-horizon sizes

Here we use the 
dimples on the 

golf ball to 
represent density 

fluctuations



Inflation made sure that oscillations of all density fluctuations of a 
given size reach their maximum compressions / rarefactions at the 
same time, leading to the strong peaks in the power spectrum



The cosmic harmonics frozen in time
“What makes the music of heaven?” - Chuang Tzu (300 BC)


