
A Brief Review of the Course



Robertson-Walker Metric: Differential Space-Time Distance

• In	General	Relativity,	a	metric	is	a	function	which	measures	differential	
space-time	distance	between	two	events:	
	
																																																	 	

• The	Robertson-Walker	metric	is	the	metric	that	describes	the	geometry	of	a	
homogeneous,	isotropic,	expanding	universe.	The	metric	in	spherical	
coordinate	system	is:	
	
																 	

	
where		
	
RU	is	the	scale	factor,	defined	to	be	1	at	present	day,	and	<1	in	the	past		
x	is	the	comoving	radial	distance,	 ,		

k	is	the	comoving	curvature,	 ,		

R	is	the	comoving	radius	of	the	curvature.		
	
The	same	terms	are	in	Friedmann	Equation.

(ds)2 = (c ⋅ dt)2 − (dl)2

(ds)2 = (c ⋅ dt)2 − R2
U(t)[( dx

1 − kx2 )2 + (xdθ)2 + (x sin θdϕ)2]

x ≡ r(t)/RU(t)

k ≡
1

R2
=

R2
U

R2R2
U

= K(t)R2
U(t)



Solution of FE1: Hubble Parameter vs. redshift - E(z)

• The	FE1	in	density	parameters	and	Hubble	parameter:	
																											 	

• Boundary	condition	at	t	=	t0	gives	the	value	of	the	curvature:		
																																												 	

• Equations	of	state	gives	density-scale-factor	relations:		

																														 	

	

																															 				and						 	

• Plug	in	and	rearrange:	
																	 	

• Expressed	scale	factor	as	redshift	and	define	the	dimensionless	
Hubble	parameter	E(z):	
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Distance in unit of the Hubble 
scale: DH  = c/H0 = 3 h-1 Gpc

(flat, DM+DE) D vs. z 
relation= dp

= c[t0-te(z)]

= dp(1+z)

= dp/(1+z)

dp = ∫
z

0

cdz′ 
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0
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= (1 − Ω0)(1 + z)2 + Ωm,0(1 + z)3 + Ωγ,0(1 + z)4 + ΩΛ,0
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Perlmutter & Schmidt 2003

When	we	have	distance	measurement	from	galaxies	at	z	>	0.1,	cosmological	
density	parameters	can	be	constrained	by	the	same	Hubble	diagram
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�vir � (18�2 + 60 x� 32 x2)/�m(tvir)

�vir � (18�2 + 82 x� 39 x2)/�m(tvir) (�� �= 0)

(�� = 0)

The linearly extrapolated density field collapses when �lin = �c � 1.686

Virialized dark matter haloes have an average overdensity of �vir � 178

Although the SC model 
becomes inaccurate (brakes 
down) shortly after turn-around 
it is still a useful model to 
identify important epochs in the 
linearly evolved density field...
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The Spherical Collapse (SC) Model
turn-around collapse

SC model 4.55 ∞

linear model 1.062 1.686

� = �/�̄� 1

van den Bosch

Top-Hat Spherical Collapse Model:  
First expands then collapses: 18π2



NFW Profile vs. SIS Profile, using consistent definitions

Density distribution:  

 

Enclosed Mass: 
 

Potential - const.:  

 

ρ(r) =
4ρs

(r/rs)(1 + r/rs)2

M(r) = 16πρsr3
s (ln(1 +

r
rs

) −
r/rs

1 + r/rs )

ϕ(r) = − 16πGρsr2
s

ln(1 + r/rs)
r/rs

Density distribution:  
 

Enclosed Mass: 
 

 

Potential - const.:  
 

ρ(r) =
ρs

(r/rs)2

M(r) = 4πρsr2
s r

ϕ(r) = 4πGρsr2
s ln(r/rs)



What about non-circular orbits in a logarithmic potential field?

General form: ϕ(x, y, z) = 0.5 ln(R2
c + x2 + (y/b)2 + (z /c)2)

ϕ(r) = 0.5 ln(R2
c + r2)When b=c=1: 



Circular Velocity Profiles: Axial Symmetry vs. Spherical Symmetry

The spherical system has the same enclosed mass profile as the disk
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Exponential Disk: 
Σ(R) = Σ0 exp(−R/Rd)

Spherical system 
w/ the same M(R)



Here          is the density field linearly extrapolated to           , and         is the linear

growth rate normalized to unity at   

�0(⇥x) t = t0
t = t0

According to linear theory, the density field evolves as �(⇥x, t) = D(t) �0(⇥x)

D(t)

�lin

�c

0 �x

halo halo halo

According to the spherical collapse model, regions with                                  will have 

collapsed to produce dark matter haloes by time   . In this lecture we examine how to 

assign a halo mass to this structure. But first, we need to introduce some concepts...

�(⇥x, t) > �c ' 1.686
t

The Linear Cosmological Density Field
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F( > M) = P[δM > δc(z)]; where δM(x) = ∫ δ0(x′ )w[x − x′ ; (M/γρc)1/3]d3x′ 

Counting Peaks in the Mass-Smoothed Density Field

linearly extrapolated density field smoothed on a mass-scale M

where w(x; R) is the window function used for smoothing

The physical scale R used to smooth the linearly extrapolated density field  today 
determines the minimum mass of all collapsable regions with , so the fraction of 

mass locked in halos with masses greater than  is

δ0(x)
δM > δc(z)
M ≡ γρcR3



mass variance from integrating the power spectrum:  
a. power spectra at different redshifts



Resulting PS Halo Mass Function at Various Redshifts

PS halo mass function

ϕ(M, z) =
2
π

ρ̄
M2

δc

σM

d ln σM

d ln M
exp (−

δ2
c

2σ2
M )



Halo Mass Functions: N-body Simulation vs. Analytical Predictions
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The Millenium Simulation 
followed the evolution of 21603 
(~10 billion) particles in a 
periodic box 500 Mpc/h on a 
side in a ΛCDM cosmology.

At the time it was run (2005) it 
was one of the biggest 
simulations to date. Because 
of its superb statistics, it is 
ideally suited to test the PS 
mass functions...

At low redshift, the PS mass function under- (over)-predicts the abundance of massive 
(low mass) haloes. These problems become more pronounced at higher redshifts...

WARNING: this statement is sensitive to how haloes are identified in the simulation box.

                   Here a Friends-Of-Friends (FOF) algorithm has been used (see lecture 11)  
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Comparison with Numerical Simulations

Springel+2005



Problem: both the P-S and N-body halo mass function 
strongly disagrees w/ Observed galaxy mass function



CMB Photons travel straight to us from the last scattering surface

• Analogous	to	the	last	scattering	surface	that	marks	the	surface	of	
the	Solar	photosphere



Ionization Fraction of Hydrogen vs. redshift in the Early Universe

• At	z	=	1500,	T	=	
4500	K	0.5	eV,	
which	is	30x	
smaller	than	the	
ionization	
energy	(13.6eV)



The CMB emerges when the mean free path of photons 
reaches the size of the cosmic horizon (~ct)



Using how the sound speed and

density scale with the scale 
factor we obtain the following

evolution of the Jeans length.
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Baryon perturbations with
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ASTR 610: Theory of  Galaxy Formation ©  Frank van den Bosch, Yale University

Evolution of the Jeans Length
Jeans Length vs. Time



Chronology of the Universe Diagram

Epoch of Recombination 
z = 1100



Virial Velocity & Virial Temperature Expressed Directly with Virial Mass

• Virial radius: 

 

• Virial (circular) velocity: 

 

• Virial Temperature: 

 

note:  because it’s circular not rms vel. 

• Virial temperature is defined as the temperature of self-gravitating 
isothermal gas in hydrostatic equilibrium. It is preserved for a non-
evolving halo because . It is also the 
expected temperature of baryons in the halo once shock-heated.

rΔ = ( 2GMΔ

ΔcΩm,0H2
0 )

1/3

(1 + z)−1 ∝ M1/3
Δ (1 + z)−1

VΔ =
GMΔ

rΔ
= (ΔcΩm,0H2

0 /2)1/6(GMΔ)1/3(1 + z)1/2

TΔ =
μmp

2k
V2

Δ ∝ M2/3
Δ (1 + z)

1
2

μmpV2
Δ = kTΔ ≠

3
2

kTΔ

MΔ ∝ rΔ ∝ (1 + z)−3/2



log T (K)

Cooling Function = Cooling Rate / Hydrogen Density Squared

• Cooling Rate  
unit: erg/s/cm3 

• Hydrogen 
Density  
unit cm-3 

• Cooling 
Function: 

 
unit: erg/s cm3 

• Normalization 
makes cooling 
function depend 
only on T and Z

Λ

nH

ΛN ≡ Λ/n2
H

H He
ΛN ∝ T1/2



• Catastrophic cooling occurs when , which leads to a hydrogen 
density threshold above which baryons cool rapidly in a halo: 

                             

• This threshold is then compared to the mean hydrogen density of the 
halo to decide the mass range of the halos over which galaxies form: 

                          

given the definition of virial radius, halos of all masses at a given 
redshift should have the same mean density! 

• The mean density can be expressed with virial mass and virial 
temperature given that  and : 

                    

tcool < tff

ncc
H =

29Gmp

9πfgas ( kTΔ

μΛ(TΔ, Z) )
2

4
3

nΔ
Hmp = ρΔ

b = Δc fgasρc,0Ωm,0(1 + z)3

TΔ ∝ M2/3
Δ (1 + z) nΔ

H ∝ (1 + z)3

( nΔ
H

0.04cm−3 ) = ( MΔ

108M⊙ )
−2

( TΔ

104K )
3

CC Density Threshold vs. Halo Gas Density and Temperature



CC Density Threshold vs. Halo Gas Density and Temperature
Under the assumption of CIE, we can compute tcool

t�
=

tcool

t�
(n, T, Z)

tcool = t�

constant Mgas

� = 200
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Cooling & Galaxy Formation

Mo, van den Bosch, White (2010), Cambridge Press

For solar-metallicty gas, efficient cooling at 0 < z < 5 occurs in halos between 109M⊙ < Mgas < 1012M⊙

nΔ
H ∝ M−2

Δ T3
Δ

Silk 1977 
Binney 1977


Ostriker & Rees 1977



The Cold Gas Accretion Rate
dMgas
dt

= ✏coldfbaryon
dMhalo
dt

� (1� frecycle + foutflow)
dMstar
dt

dMhalo
dt

/ M1.1halo(1 + z)2.2

dMstar
dt

= SFR = ✏SF
Mgas
⌧dyn

Halo Mass

Ep
si

lo
n 

C
ol

d 1010 to 1013 Msun

mass range  
when ϵcold ≠ 0

tcool > tff
 

hydrostatic 
equilibrium

tcool > tff

 
compression 
insufficient to 
respond to 

loss of 
thermal 

pressure

tcool < tff



The Cold Gas Accretion Rate
dMgas
dt

= ✏coldfbaryon
dMhalo
dt

� (1� frecycle + foutflow)
dMstar
dt

dMhalo
dt

/ M1.1halo(1 + z)2.2

dMstar
dt

= SFR = ✏SF
Mgas
⌧dyn

Halo Mass

Ep
si

lo
n 

C
ol

d 1011 to 1012.3 Msun

mass range  
when ϵcold ≠ 0

AGN
heating

SNe
ejection



Star Formation:
Converting gas 
into stars

Feedback:
Ejecting gas

Gas accretion 
via cosmic web

Baryonic Processes in Galaxy Evolution

© ESA/AOES Medialab

http://sci.esa.int/science-e/www/object/index.cfm?fobjectid=49190


Accretion Rate ∝ 
Halo Growth Rate

Change in Cold  
Gas Reservoir

{ ⬅ Halo Growth Rate from EPS

⬅ Kennicutt-Schmidt Relation

dMgas
dt

= ✏coldfbaryon
dMhalo
dt

� (1� frecycle + foutflow)
dMstar
dt

dMhalo
dt

/ M1.1halo(1 + z)2.2

dMstar
dt

= SFR = ✏SF
Mgas
⌧dyn

Gas Consumption Rate ∝ 
Star Formation Rate

The ``Bathtub'' Model: Accretion-Driven Star Formation
a continuity equation coupled with  

a halo growth history and a star formation law

{ εcold = 0.0 if Mhalo < 10
11
M!

εcold = 0.7 if 10
11

< Mhalo < 10
12.3
M!

εcold = 0.0 if Mhalo > 10
12.3
M!

{
cold gas accretion efficiency:

frecycle = 0.5

foutflow = 0.6

recycle & feedback:



‣ Grey region: efficient cold 
gas accretion  
1011 < MHalo < 1.5x1012 M⊙   
‣ Gas accretion history of a 

1012.6 M⊙ halo (mass at z = 0) 
‣ Star formation history from 

the continuity equation: 
1. Once the halo crosses the 
minimum mass (1011 M⊙), 
the SFR rapidly rises to reach 
a steady state; 
2. As the halo mass reaches 
1012.3 M⊙, cold gas accretion 
is choked and the SFR starts 
to decline with an e-folding 
time of 2-3 Gyr (=2 τdyn/ϵSF).

Rise Steady State Exhaustion

Age of Universe [yr]

SF
R

 [M
⊙

/y
r]

Accretion-Driven Star Formation History

RedshiftBouche+2010



Stellar mass fraction
Bouche+2010

The	z	=	0	stellar	fractions	
from	Moster	et	al.	(2010)	
and	Guo	et	al.	(2010)	are	
shown	as	the	shaded	area	
and	thick	line,	respectively.	



Stellar mass fraction

Bouche+2010



Textbook	Recommendations	for	Continued	Learning


