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Abstract

Background: Nuclear reactions are complex, with a large number of possible channels. Under-
standing how different channels contribute to a given reaction is investigated by perturbing the

continuous spectrum.

Purpose: To develop tools to investigate reaction mechanisms by identifying the contributions

from each reaction channel.

Method: Cluster decomposition methods, along with the spectral theory of proper subsystem
problems, is used to identify the part of the nuclear Hamiltonian responsible for scattering into

each channel.

Results: The result is an expression of the nuclear Hamiltonian as a sum over all scattering chan-
nels of channel Hamiltonians. Each channel Hamiltonian is constructed from solutions of proper
subsystem problems. Retaining any subset of channel Hamiltonians results in a truncated Hamilto-
nian where the scattering wave functions for the retained channels differ from the wave functions of
the full Hamiltonian by N-body correlations. The scattering operator for the truncated Hamilto-
nian satisfies an optical theorem in the retained channels. Because different channel Hamiltonians

do not commute, how they interact determines their contribution to the full dynamics.
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I. INTRODUCTION

The exact solution of the many-body scattering problem is an intractable numerical problem
due to the large number of degrees of freedom. Even if it could be solved numerically, the
solution does not determine the role of different channels and how they interact in a given
reaction. The ability to examine the response to turning different channels on or off provides
a means to investigate the impact of that channel to a complicated reaction. This is useful
for determining which channels are most responsible for nuclear binding, decays, or a given
cross section. Mathematically, this is a problem in perturbation theory of the continuous
spectrum. This is not trivial from a mathematical point of view because the continuous
spectrum is not stable with respect to small perturbations [1][2][3]. Formal scattering theory
provides tools to study the continuous spectrum. The optical theorem provides a means to
isolate contributions from different channels.

In this work, the exact many-body Hamiltonian is expressed as a linear combination
of non-commuting self-adjoint operators associated with each scattering channel. These
are referred to as channel Hamiltonians. Each channel Hamiltonian is constructed using
only proper subsystem solutions. Time-dependent scattering theory is used to show that
each channel Hamiltonian has scattering solutions in that channel. Sums of subsets of
channel Hamiltonians result in a truncated Hamiltonian that satisfies an optical theorem
in that subset of channels. The resulting scattering wave functions agree with the exact
scattering wave functions up to, but not including, N-body correlations. Because the channel
Hamiltonians do not commute, including additional channels in the sum affects the dynamics
of each retained channel, but the additional channels only impact the N-body correlations
in the channel wave function.

Since N-particle bound states are determined by the Hamiltonian, the expression of the
full Hamiltonian as a sum of channel Hamiltonians provides a means to determine how
each channel Hamiltonian contributes to the binding. It can also happen that a subset of
scattering channels can support a bound state, which may become unstable as more channels
are added.

This problem was formally solved in [4], but the focus was on constructing few-body
models of reactions dominated by a small number of few-body channels. The interest at that

time was largely academic due to computational limitations. This work provides an alternate



treatment of the method that appears in [4]. It provides an alternate proof of the optical
theorem and uses time-dependent scattering theory to show that the resulting approximate
scattering wave functions in the retained scattering channels agree with the exact scattering
wave functions up to, but not including, N-body correlations. The application to bound
systems and to relativistic systems, which is relevant for hadronic reactions, is also discussed.

The representation of the Hamiltonian as a sum of channel Hamiltonians is applicable
to any nuclear Hamiltonian. There are no limitations on the choice of retained scattering
channels, and the method can be applied equally to theories with two-body and many-body
interactions. This is relevant because Hamiltonians generated using effective field theory
[5][6] or scattering equivalences [7][8][9][10] generally have many-body interactions.

The next section summarizes the time-dependent formulation of many-body scattering
theory used in the subsequent sections. Cluster expansions and their relation to expansions
in subsystem Hamiltonians are discussed in section three. The expansion of the Hamiltonian
as a sum of channel Hamiltonians is introduced in section four. The optical theorem for
any selected set of scattering channels is proved in section five. Section six discusses a
formulation of the time-independent treatment of many-body scattering using the coupled
equations of Bencze, Redish and Sloan, which can be applied to the sum of selected channel
Hamiltonians. The treatment of identical particles is discussed in section seven. An example
illustrating the structure of the dynamical equations is given in section eight. Section nine
discusses the application to bound states. The treatment of relativistic reactions is discussed
in section ten. A summary and conclusion is given in section eleven. The appendix has the

derivation of a technical result that is used in the proof of the optical theorem.

II. SCATTERING CHANNELS

The decomposition in [4] uses spectral expansions of the Hamiltonians for all proper sub-
systems as input. These expansions involve complete sets of subsystem bound states and
scattering states. This section defines what is meant by a scattering channel in the context
of this work.

Let H be the Hamiltonian for a system of N particles with short-range interactions. In
general, the Hamiltonian H will have both two-body and many-body interactions. The

notation a denotes a partition of the N particles into n, non-empty disjoint subsystems,



labeled by a;, and H,, is the part of H involving only the particles in the i"* subsystem of
the partition a.

In this work, scattering channels will always be associated with the N-particle system.
There is a scattering channel, «, associated with the partition a if each subsystem Hamilto-
nian, H,,, has a bound state or is a single particle Hamiltonian. A bound state associated

with H,, is denoted by
[(Es, i) Pis 1s) where 1 <i<n,.

In this notation, j; is the total intrinsic angular momentum of the i bound state, p; is
the magnetic quantum number of the ¥ bound state, p; is the total momentum of the **

bound state, and

is the total kinetic energy minus the binding energy e, of the i bound subsystem (M; is
the total mass of the i bound subsystem). In general, for a given partition a of the N
particles into n, subsystems, there may be one or more scattering channels or zero channels
associated with the partition a. The notation A is used to denote the set of all scattering
channels of the N-body system, which by convention also includes the one-body channels
(N-body bound states). Except for the one-body channels, the set A of scattering channels
is determined by the solution of proper subsystem problems.

The notation discussed so far can be illustrated by considering the subsystem Hamiltoni-
ans for a seven-particle system associated with the partition a = (135)(27)(46). There is a
scattering channel associated with this partition if each of the three subsystem Hamiltonians
can form bound states:

a = (135) (27) (46) ng=3 N =T=n4 +Ngy + Ny,
~——

~

al as as

H, =K+ K3+ K5+ Vig 4+ Vis + V35 + Vi35
H,, = Ky + K7+ Voy
H,, = K4+ K¢ + Vi

2
. p ,
Ha [(Ey, g1) p1s ) = <2(m1 +77i3+m5) — 6135) |(E1, 1) P1s 1)




where p; = ky + k3 + ks,

Ho, |(E2, ja2) P2, f2)

<2(p—%) — 627) |(Ea, j2) P2, f2)

where py = ko + k7,
. p; .
Hos|(Es, j3) Pas f13) = <m - 646) [(E3, j3) P3, 113)
where p3 = k4 + kg, k; are the single-particle momenta, K; are the single-particle kinetic
energies, V;; are two-body interactions, Vigs is a three-body interaction, and ei3s, ea7 and
ess are the binding energies of the bound states.

For a given scattering channel «, there are scattering states associated with two different
asymptotic conditions. The different asymptotic conditions replace the initial conditions of
the scattering states with conditions that relate the scattering states in the asymptotic past
(—) or asymptotic future (+) to states of non-interacting bound subsystems. The scattering

states, |\I/((1i)>, associated with the channel « are defined by strong limits:

(£) iHt —zHa
Jim [ w5) — > / @iy [(Ei, Ji) Pis i) Gi(Pi, ) dpsl| = 0, (1)

K1y s Hng

where the partition Hamiltonian, H,, is the sum of subsystem Hamiltonians
H, = Z Ho,  with  Ho[(Ey, ji) Pis i) = Eil(Ei, Ji) Pi, 14:) (2)

and satisfies

Ho @iy [(Ei, i) Pi, i) = <2E> (B3, Ji) Dis fla)- (3)

The operator H, is the part of the Hamiltonian with all of the interactions between particles
in the different clusters of the partition a turned off, and ¢;(p;, it;) are wave packets in the
total momentum and magnetic quantum numbers of each bound subsystem in the channel
«. The variables in the wave packets are the experimentally detectable degrees of freedom
(momentum and spin polarization) of the bound subsystems.

The limit in (1) is a strong limit, and this means that the integral over the wave packets
must be computed before taking the limit. If this is done in the correct order, then inserting
an extra factor of ¥ and taking the limit as € — 0 after performing the integral does not

change the result. This makes it possible to define the limit using “plane wave” states where



the € — 0 limit can be taken at the end of the calculation after integrating against the wave

packets. After including the factor of e¥¢, the channel o scattering states

) =lim / W (Prgar P i) [T 611 10) )
K1y s hng =1

can be expressed in terms of the channel o “plane wave” scattering states defined by
(WS (D1, pia, Py b)) o= lim Tt e (B i) py, i) =
t

Na . : d iHtFet .—iHgt Ng . _
®i:1|(Ei7ji> pu/m + tl}inoo ; E (6 e ) ®i=1 ‘(Ezﬁ]i) pivﬂi> dt =

Qi1 |(Es, Ji) Pis fha)
t
+’L 111’[1 €th¥Et (H :l: 1€ — Ha) eiiHat ®:L:al |<El, ]z) Pi, /Lz> dt =

t—+oo 0
Qpy [(Es, 3i) Pis pi) + (Eo — H F iﬁ)_l H® @ |(E;, ji) Pis i) - (5)

The operator H* := H — H, is the sum of interactions between particles in different clusters

of a, and

Na 2
Py
" = —eq 6
> () ©)
is the total energy of the system (M, is the total mass of the ¢'" subsystem). The limit
e — 0 1in (5) can only be taken after integrating against products of wave packets which are
functions of the momenta and magnetic quantum numbers of each bound cluster.

The tensor product of the wave packets span a channel Hilbert space H,. The operator,

®,, that maps the channel o Hilbert space H,, to the N-body Hilbert space H is defined by

Buloa) = 30 [ OB pr ) i) s, ™

K1y Hng

where |¢o,) € H, represents the product of wave packets given by

<p1;ﬂ1,"‘ 7pna7/’l’na|¢0a> = H(bq(pmuq)- (8)
q=1

The wave packets describe the experimentally accessible momentum and spin distributions
for the reaction. The mapping, ®, : H, — H, is called the channel injection operator,

and it includes the internal variables of the bound state wave functions for each bound



subsystem. In this two-Hilbert space notation, the channel @ “plane wave” scattering states

are expressed in terms of channel wave operators [11]:

TS (pr, g, Pros fin,)) = lim eflte= Mt — OF) (q) D, 9)
—+oo
where
Q(i)(a) = tLirinoo ¢t —iHtat (10)

only makes sense as a strong limit applied to the normalizable vector ®,|¢,,). The advantage
of the notation in (9) is that it separates the part of the scattering state that depends on
the partition a from the part that depends on the associated scattering channel a. The
operators Q*)(a) act on the N-body Hilbert space, while ®, acts on the degrees of freedom
that can be measured in an experiment.

The probability amplitude density for a transition from an initial channel state a to a

final channel state § (the scattering matrix) is
(S Bl )NV (01 i D)) =

<Byp/17#/17 o aP;baM;b|Sﬁa|a7P17#17 T 7pnaauna>a (11)

where the channel scattering operator, Sg, = @EQH)T(b)Q(_)(a)(I)a, is used to express the
scattering matrix in terms of the non-interacting bound subsystems in the channels o and
B (the channel § is associated with the partition b). The channel scattering operator, Sz,
is a mapping from H, to Hgz. The channel Hilbert spaces are spaces of square integrable
functions of the experimentally observable degrees of freedom in each scattering channel.

In a scattering process, the incoming (—) states look like free bound clusters long before
the collision, and the outgoing (+) states look like free bound clusters long after the collision.
Since there can be scattering from the channel « to the channel 3, the incoming and outgoing
scattering states for different channels with different asymptotic conditions (+) are not
orthogonal; however, the scattering states for different channels with the same asymptotic
condition (4) are orthogonal and complete if the bound state channels are included. This
assumes that the theory is asymptotically complete, which is an assumption that the original
Hamiltonian is not pathological.

While the scattering matrix is the inner product of states satisfying incoming (—) and

outgoing (+) asymptotic conditions, it can be expressed in terms of only the incoming



scattering states

|\Ij£y_)(p17,u17 e 7pna7,una>>-

This is because Qf(a) and Q(7)(a) both involve limits of e~ with ¢+ — +oco. While
the scattering matrix elements could also be expressed in terms of states with the (+)
asymptotic condition, in both cases t — +oco is a perferred direction of time evolution in
scattering reactions.

The resulting expression for scattering matrix elements is
<57 p/17 /1’/17 ) p;ba ,U/;%|Sﬁa|a7 P, 41, 5 Pngs :una> =
Spa | [ 5P} = P)6us,
i

—2m1 5(E;j - Ea)(pllwulla e aP;b7#;zb|(bj;’Hb|\Ij(a_)(p17#h “ 5y Pngs ”na)% (12>

where H® := H — Hy is the part of H that only has interactions between particles in different
clusters of b. For short-range interactions, the operator H® will vanish as the clusters of b
are asymptotically separated. Equation (12) can be expressed in operator form using the
notation in (9):

Spa = 1050 — 21 6(E} — Eo)OLH'QT) (a)®,, (13)

where

7% = oL HQ ) (a) 2, (14)

is the right half-shell transition matrix element. The presence of the energy conserving delta
function §(Ej — F,) ensures that the scattering matrix is only defined for on-shell values of
the energy.

Assuming that the Hamiltonian commutes with the total linear momentum, the differ-
ential cross section for scattering from a 2-cluster channel a to a general channel 5 can be

expressed in terms of the above quantities as

274 -
o = 2B Bl OO @), )

np np np (15)
x 60} Ej— E1— Ey)6(>_p; —p1 —p2) | | dpi.
j=1 j=1 i=1

In the above expression, v, is the relative velocity of the incoming pair of particles and

s =[], k,! is a statistical normalization factor for identical bound states in the final state,



with k, denoting the number of identical bound states of type ¢ in the final state. In (15),
the ||-- -] indicates that a momentum conserving delta function has been factored out of

the expression so that
<p,17 :ulla o ’p'lflb’ M;Lb|(I)EHbQ(_) (@)(I)ah)l, M1, P2, ,u2> =

ny
00) P = p1 = P2) (P 1+ s Py i, | PLH QT () @a [Py, 111, P2 2).- (16)

j=1
The differential cross section in (15) contains several independent variables, but in an ex-
periment one chooses the variables that will be measured and integrates over the remaining
variables in order to eliminate the delta functions. The differential cross section is only

defined for on-shell matrix elements.

III. CLUSTER EXPANSIONS

Cluster expansions play an important role in understanding many-body reaction mechanisms
and constructing approximations [12]. For scattering, it is useful to keep track of operators
that satisfy or break translational invariance of subsystems. This is because momentum-
conserving delta functions are broken up by short-range interactions. In this section, cluster
expansions are treated abstractly, and the abstraction provides a powerful framework for
managing cluster properties. Much of this section is based on [13], see also [14] [15].

A partition a of N particles is an assignment of the N particles into distinct non-empty

equivalence classes called clusters. The following notation will be used is this paper:
Px is the set of all partitions for a system of N particles;
n, is the number of equivalence classes of a;
a; is the set of particles in the i** equivalence class of a;
ng, is the number of particles in the i equivalence class of a;
i ~, j means that particles 7 and j are in the same equivalence class (cluster) of a;

0 := {(1)(2)---(N)} is the unique N-cluster partition (each particle in a different

class);



1:={(1---N)} is the unique 1-cluster partition (all particles in the same class).

It follows from the definitions that

inai =N, (17)
i=1

and the number of classes n, for a given partition a satisfies 1 < n, < N. In order to

demonstrate the use of partitions, here is a list of all the partitions of four particles:

(1234) is the unique 1-cluster partition;

(1)(234), (2)(134), (3)(124), (4)(123), (12)(34), (13)(24), (14)(23) are all of the 2-

cluster partitions;

(12)(3)(4), (13)(2)(4), (14)(2)(3), (23)(1)(4), (24)(1)(3), (34)(1)(2) are all of the 3-

cluster partitions;

(1)(2)(3)(4) is the unique 4-cluster partition.

The above list exhausts all possible partitions of four particles. The order of a particle
within an equivalence class (or cluster) does not matter. In this example, there are two
types of 2-cluster partitions, (ij)(kl) and (z)(jkl), with each type involving partitions that
are related by permutations, and all of the 3-cluster partitions, (ij)(k)(l), are related by
permutations. Distinct partitions that are related by permutations are called permutation
equivalent partitions, and this is important when dealing with systems of identical particles.

In what follows, partitions will be used to label parts of operators that have no interactions
between particles in different clusters (equivalence classes) of the partition. The interactions
between particles in the same cluster of a partition are “turned on”, while the interactions
between particles in different clusters are “turned off”. All of the partitions in the prior
example satisfy (17), and the notation so far can be illustrated by considering the four-

particle partition a = (12)(3)(4):

a=(12) (3) (4) Ng =3 N =4=n4 + ngy + Nay
= =~
al a2 as
where this is the same notation that was used in the seven-particle example from the previous
section.

There is a natural partial ordering on the partitions a and b given by
a2 b, (18)

10



if every particle that is in the same b-equivalence class is in the same a-equivalence class
(i ij_>i’\’aj)'

The partial ordering for a system of particles is illustrated by the following example:

a = (12)(34)
b= (1)(2)(34) ¢ =>aDb,cPb.
c = (123)(4)

In this example, there is a partial ordering on partitions a and b because particles 3 and
4 are in the same cluster in both partitions (with partition a only including the additional
interaction between particles 1 and 2). There is no ordering on partitions ¢ and b because
particles 3 and 4 are not in the same cluster in both partitions.

For two partitions, a and b, the union a U b is the least upper bound of a and b with
respect to the partial ordering, and the intersection a N b is the greatest lower bound of a
and b with respect to the partial ordering. The union and intersection are formally defined

by
aUb: (aUb) Da, (aUb) Db, and if ¢ D a, ¢ 2 b then ¢ O (aUDb)
anb: a2 (anb), b2 (anb),andif a D¢, b D e, then (aNb) Dc.

The union and intersection for a system of particles is illustrated by the following example:

(123)(4567)(89)

=> aUb = (1234567)(89),a N b = (123)(4)(567)(89).
(1234)(567)(89)

a
b

This example demonstrates how the union and intersection of the partitions a and b can be
used to construct new partitions that set a least upper bound and greatest lower bound,
respectively, on the partial ordering of the partitions a and b. It can be seen from the
definitions and the above example that every partition a satisfies 1 D a 2 0.

This structure for the partial orderings on partitions is called a partition lattice. Some
important tools, that will be utilized in what follows, are the incidence function and its
inverse. These functions are also called the Zeta and Mo6bius functions on the partition

lattice, respectively. The Zeta function is defined in [13][14][15] as

1ifaDdb
Aa:_)b = . (19)
0if a2b

11



Since this is upper triangular with 1’s on the diagonal, it necessarily has an inverse given by

=) T (=)™ (ny, — 1) if a Db
N 0 if a2
where n;, is the number of clusters of b in the i'* cluster of a. Note that both the Zeta

function, A,-p, and Mdbius function, Agglb, vanish when a 2 b. The Zeta and Md&bius

functions are matrix operators that satisfy

Z A;QICACQZJ = Oab and Z 5ab =1 for a2 b, (21)

€PN
which follows from the definitions of the Zeta and Mobius functions.
Partitions can be used to classify operators on the N-particle Hilbert space. The starting
assumption is that the Hamiltonian H is translationally invariant and commutes with the
total momentum operator. Each cluster a; of the N-body system represents a subsystem,

and the total momentum p,, of the particles in the cluster a; is
Pa, = ) _K;. (22)
JEa;
The quantity k; denotes the single-particle momenta, and the total momentum p,, is the

generator of translations of the subsystem of particles in the cluster a;. The operator that

independently translates each cluster a; of the partition a by a vector x; is
Ta(Xb T 7X'na) = ei 2:21 iPai, (23)

This is a 3n, parameter unitary group of translations. An operator O that commutes with
To(x1,- -+ ,Xy,), and satisfies

O, T, (%1, ,Xn,)] =0 (24)

for all x;, is called an a-invariant operator.
For any partition a of the particles into non-empty disjoint subsystems, a general operator
can be expressed as the sum of an operator that commutes with 7,(xy,---,%,,) and a

remainder. This is represented by the notation

0=0,+ 0" (25)

12



where O, is the a-invariant part of O and O® := O — O, is the remainder that breaks the

Tu(x1, -+ ,X,,) translational invariance. It follows from the definitions that

173 (ex -+ %0, ) (O = Oa) Tu(Xa, -+ X)) = 0% Ta(xa, -+ %0, ) [0} (26)

for the state |¢). For an operator O that is overall translationally invariant, O® involves
operators that only contain interactions between particles in different clusters of the partition
a. If these are all short-range interactions, then as all of the clusters of a are asymptotically

separated O% should vanish. A mathematical formulation of this condition is

lim O To(x1, -+ %0, )[Y)[ =0 Vi 5. (27)

|xi—x;|—o0
A many-body operator O that can be decomposed as O = O,+0* with O, satisfying (24) and
O satisfying (27) will be called a “cluster expandable operator”. The types of operators
considered in this work are interactions, projections on bound subsystems, resolvents of
the form in (5), wave operators, and time evolution operators. For suitable short-range
interactions, limits of the form (27) are expected to vanish. For cluster expandable operators,

it follows from (24) and (27) that O, can be constructed from O using

O,= lim Tj(xl,---  Xn, ) OTy(x1,+ 0+, Xp, ), (28)

|x;—%j|—00
which shows that O, can be obtained by asymptotically separating the different clusters of
the partition a. This notation can be illustrated by considering the four-particle Hamiltonian

associated with the partition a = (1)(2)(34):

H:\[(1+KQ+K3+K4+VE§%+

H1y(2)(34)

V12+V13+V14+V23+V24+V123+V124+V134+V234+V1239

H(1)(2)(34)

where K; are the single-particle kinetic energies, V;; are two-body interactions, V;;;, are three-
body interactions, and Viag, is a four-body interaction. In this example, HM@G4Y vanishes
when all of the clusters of a = (1)(2)(34) are asymptotically separated, and one is left with
the a-invariant operator H(j)2)34). The interactions in H MG ]l involve particles in
different clusters of a.

For b D a, Ty(x1,- - ,Xy,) is a subgroup of T,(xy,- - ,Xp,), and it follows that

O,= lim Tg(xl,--- Xn,) O Tp(x1, -+ 1 Xy,) for b2 a. (29)

|xi—xj- ‘%OO

13



This means that O, is invariant with respect to translations that separate the clusters of
b when b D a. As an example, consider the partitions a = (1)(2)(34) and b = (12)(34)
which satisfy b 2 a. The operator H(j)z)s4) from the previous example is invariant with
respect to translations that asymptotically separate the clusters of b = (12)(34) because
these translations do not separate particles 3 and 4.

On the other hand, if b 2 a, then O, has the decomposition

Oa = (Oa>b + (Oa)b = Oaﬂb + Og (30)
In this decomposition, O,qp is invariant with respect to both T,(xi,---,%,,) and
Ty(X1,"++ ,Xn,), and O° vanishes as the clusters of the partition b are asymptotically sepa-
rated. Using (27),

lim O Ty(x1,- - X, ) [90)]| = 0, (31)

|x;—xj|—00
which means that

Oy = lim TbT(Xl, s Xy, ) Og Th(xq, -+, Xp,) for b2 a. (32)

|x;—%;|—00
Therefore, O, can be obtained from O, by asymptotically separating the clusters of b when

b 2 a. As an example, consider the partitions a = (1)(2)(34) and b = (123)(4) which satisfy

b 2 a. The operator H(1)2)34) from the prior examples can be written as

Hy@2)@a) = f(l + Ky + K3 + Kg"— Vay

H1y2)(30)n(123) (1) Hfllfé))(&)

In this example, H ((11)2(?;))((?4) vanishes when the clusters of b = (123)(4) are asymptotically

separated, and one is left with H1)2)34)n(123)4) = H(1)@2)3)@)- It should be noted that an
a-invariant operator can always be decomposed as (30), but the term OP vanishes whenever
b D a (this is because Tj(x1, - -+ ,Xy,) is a subgroup of T, (X1, - , Xy, ))-

For applications, it is useful to define [O],, the a-connected part of O, by the conditions
[[Ola, Tu(X1, "+ ,Xp,)] =0 and ([O]a)s =0 for b2 a. (33)

This means that the operator [O], is invariant with respect to the translations
To(x1,- -+ ,Xy,), but it is not invariant with respect to the translations 7,(xy, - - - , X,,) when

b 2 a (these translations necessarily break up at least one of the clusters of a). For b D a, it

14



follows that the b-invariant part of O is a sum of the a-connected parts of O that commute

with T,(x1, -+ ,X,,). This means that

Ob - Z[O]a - Z Aan[O]m (34>

bDa a€EPN

where Oy is expressed in terms of the Zeta function on the partition lattice. This expression

can be inverted using the Mobius function on the partition lattice

Ol = Y A3,0.. (35)

a€EPN

It follows from (34) and (35) that the Zeta and Mobius functions on the partition lattice
provide a direct relation between the operators Oy, and [O],. Additionally, an operator O is
said to be completely connected if O = [O];, and this means that O vanishes in the limit

that any pair of particles are asymptotically separated. It follows from these expressions

that
O =) AD0.=A301+ Y AZ,0,=0+ > AZ0,, (36)

a€PN a€Py; a€Py;
where P} is the set of all partitions of N particles excluding the 1-cluster partition. This

means O has the decomposition
O=[0h— > A73,0. (37)
acPy,
It is useful to define the coefficients appearing in (37) as
Co = —A2, = (=)™ (n, —1)!  with d =1, (38)
acPy

which are combinatoric factors that ensure that the decomposition has the correct overall

counting. The sum in (38) follows because
D ADa = AG HD AD = AL+ Y AD, A = —1+0,
acPy, a a Z/

An important consequence of the invertibility of the incidence matrix is that a general cluster

expandable operator can be expressed in two equivalent ways:

O0=> [0l=[0h+ ) COu (39)

a€Pn a€Py

15



The first sum is the cluster expansion of O, and the second sum is the operator decompo-
sition of O in terms of proper subsystem operators. This is a generalization of the linked
cluster theorem for identical particles. The cluster expansion is a sum over the a-connected
parts of O, and the operator decomposition consists of the completely connected part of O
(the N-body interaction) and a linear combination of the a-invariant parts of O. For an
operator like a Hamiltonian, the cluster expansion is a linear combination of interactions,
while the sum over the a-invariant parts of the Hamiltonian in the operator decomposition
corresponds to a linear combination of proper subsystem Hamiltonians. As an example, a
three-body Hamiltonian with two-body and three-body interactions can be expressed as a
cluster expansion or as a sum of proper subsystem Hamiltonians:
H=K +K+Ks+ Vio + Viz + Vs + Vigg =
—_— ~~

~— ~ ~—
[H]o=[H](1)(2)(3) (Hla2)i3)  [Hlasye) [Hlesya) [Hh=[H]a2s)

-2 (Ki + K+ Ks3) +f(1+K2+K3+V12

J/

Vv NV
Ho=H1)(2)(3)=H1+Ha+Hs H12)(3y=H12+H3
+ K1+ Ky + Ky + Vig+ Ky + Ko + K3+ Vo + Kl,z-:i
Hs)2)=His+Hz H2)(1y=Haa+H1 (H]1=[H](123)

where K; are the single-particle kinetic energies, V;; are two-body interactions, Vi3 is the
three-body interaction (completely connected part), and Hj) is a sum of subsystem
Hamiltonians. The coefficients in the second and third lines are the combinatoric factors
C., and they ensure that the cluster expansion and operator decomposition are equal to one
another. In this example, the three kinetic energy terms appear in each of the three 2-cluster
partition Hamiltonians, and the (—2) in front of the 3-cluster Hamiltonian corrects for this
overcounting of the three kinetic energy terms. This example demonstrates how the operator
decomposition in (39) is used to express the cluster decomposition of the N-body Hamilto-
nian in terms of a linear combination of subsystem Hamiltonians. The decomposition in (39)
is useful for identifying the parts of the Hamiltonian that are responsible for the different
channel asymptotic states in a manner that treats all scattering channels democratically.

In general, if A and B are bounded operators, then
ITIABT )| = IITH(Aa + A*)(Ba + B*)Tu|)|| <

[AaBal )| + I TEAT, Bal ) || + | AT B T} | + | TIA T T BT, l0) | <
1Aa Balto) | + 1 TTA“Tu Bal )| + | AallI T3 B Tal) | + 1A T ||| T3 B*Tul ) || <
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[Aa Bal )| + | AT Bal ) | + [ Aall | B*Tal ) || + [ A“Tal[ | B*Tal ) -

If A and B are cluster expandable operators then the last three terms in the fourth line
vanish in the limit that all of the clusters of a are asymptotically separated. This means

that a-invariant operators satisfy

(AB), = A,Ba,. (40)

It follows from (37) and (38) that

> C.AB,=AB—[AB]; = | Y C.A.+[A]s | (B, + B) — [AB]; =

a€Py a€Py
> CoAuBat > CoA B+ [ALB — [AB],.
a€Py acPy,

Canceling Zaepgv CoA.B, on both sides of this equation gives

> C.AB" = —[A|\B + [AB];, (41)

acPly,

where the terms on the right are connected. This means that sums of the form

> C.AB° (42)

acPy
are either 0 or connected.

For an N-particle system, the dynamics is given by the unitary time evolution operator
U(t) = e~ where H is the N-particle Hamiltonian. By turning off the interactions between
particles in different clusters of the partition a, H becomes H,, and this is the infinitesimal
generator of time translation, U,(t), of non-interacting clusters of a. In general, due to
the kinetic energy terms, Hamiltonians are not bounded operators, but Hunziker in [16]
proved that U(t) satisfies (27) for Hamiltonians with square integrable interactions (i.e., the
Hamiltonian is a cluster expandable operator). This means that

lim (JU“(t) Ta(x1, - -+ %) [0} = 0. (43)

|xj—%;|—00

He also proved that, under the same assumptions, the wave operators are cluster expandable

operators. In everything that follows, it will be assumed that these properties are satisfied.
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IV. CHANNEL DECOMPOSITION

The set of scattering channels A can be separated into disjoint sets of channels; a selected
set A; and a remainder Ay [4]. This section provides the construction of a representation
of a general N-particle Hamiltonian H as a sum of a Hamiltonian H 4, that depends on the
channels A; and a Hamiltonian H 4, that depends on the complementary set of channels As.

For a general many-body Hamiltonian, the exact spectral decomposition has the form

H=3 [0 =3 PR with  1=3" P, (4)

acA acA acA

where

P = Q) (a)®,d] QT (a) (45)

is the orthogonal projection on the subspace spanned by the (—) scattering states in the
channel a. While there is an identical decomposition using the scattering states with the (+)
asymptotic condition, the (—) asymptotic condition corresponds to forward time evolution.
By convention, the channel sum in (44) includes the one-body channels (N-body bound
states). The notation in (45) is shorthand for

P(;(v_)H = Z /dpldPNa |(Oé7p17:u17'” apna7lj’na)(_)>EaX

<(a7p1a,u1a e 7pnaa:una)(_)|7

where F, is the total energy eigenvalue defined in (6). Both the Hamiltonian H and the

channel projection operator Po(f) have cluster expansions of the form in (39):

H=) [Hly=[H:+ Y CH, and P =>"[P], (46)

bePn bEP;\] bDa

where H, is the infinitesimal generator of Us(t), the time evolution operator for the non-
interacting clusters of b . The product of the Hamiltonian H and the channel projection
(_

operator P, ) also has a cluster expansion. The expansions of these operators, using (40),

gives

H=Y" > [POH)], (47)

a€A {bePy[bDa}
where [PY7VH], is the b-connected part of P{7H = Q) (a)®,®I Q) (a)H. Using (37)

and (38), (47) can be decomposed into a linear combination of its b-invariant parts and a
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completely connected part:

H=> ([POHL+ > C(PI)wH, |, (48)

acA {bePy|b2a}
where [PC(f)H ]1 is the completely connected part of the product Péf) H and a is the partition
associated with the bound clusters of the channel a.. Since (Po(f))b is an orthogonal projector
and commutes with H, their product is Hermitian. For b 2 a, translating the clusters of b

will separate particles in at least one of the bound clusters of a in the channel o. Therefore,
(®a®])p = ([Pa®l]a)y =0  for bPa, (49)

which means that

(P, =0 for b2 a. (50)
This means that the sum over the b-invariant parts of PV H s zero when b D a.

Since the interactions between particles in different clusters of a that are in the same
clusters of b are short-range, the wave operators satisfy a chain rule [3]|[17] that allows
successive interactions to be turned on. This same result follows from the analysis in [16].
For any b satistying b O a, the chain rule for wave operators gives

Q(_)(a)q)a = lim eHltemHatp —
t——o00

lim eth e—szteszt e—zHatq)a — lim ethe—szt<Q(—) (CL))bq)a _
t——o0 t——o0
1

QO (0)(Q) (@) .. (51)

Here (Q27)(a)),®,, replaces ®, when computing Q) (b). Since Q(7)(b) turns on the inter-
actions between particles in different clusters of the partition b, then when b O a one can

write
(Q(@)s®a = (27(0))5(27())oPa - (52)
This shows that (Q(7)(b)), acts like the identity on (2(7)(a)),®,, and this means that

(Q7(@)s®a = (27(a))sPa)s

is the b-invariant part of Q(7)(a)®, for b O a. The important point is that this involves

solutions of the scattering problem in the channel « for the Hamiltonian H, = > | H,,,
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which is a sum of proper subsystem Hamiltonians Hj,. It also implies that every H, for b D a
has channel « scattering states. The operator (Q2(7)(a)),®,®! (Q2)1(a)), is the part of the
exact spectral projection that remains after turning off the interactions between particles
in different clusters of b (there are still remaining interactions between the asymptotically
bound subsystems in the different clusters of a that are in the same clusters of b).

It follows that the exact projection of the Hamiltonian on the channel « subspace has
the decomposition

POH=[POHL+ > CG(PO))Hy =
{beP} [bDa}

POHL+ Y G (@) ®a @ (2 (a))o Hy. (53)
{bePy[b2a}

Up to this point, everything is exact. The cluster properties imply that the terms
() (a))y@a @ (T (a)),Hy in (53), for b € Ph, can be computed using only proper subsys-
tem solutions. The assumed asymptotic completeness implies that the sum over all channel

projectors is the identity

I=> p. (54)

acA
It follows that the Hamiltonian can be expressed as

H=[H+ Y CH, =

bePyy

A PTHL+ DY aP)H, | =

acA {bePy|b2a}

SHIPOHL+ > G(7()@a®l (2 () H, | - (55)

acA {bePy|bDa}
Comparing these expressions, the completely connected parts on both sides of (55) must be

the same and are given by

[H]y =Y [P{VH],. (56)

acA
This means that they add up to zero if H does not have an N-body interaction.

The next step is to introduce the channel decomposition, and this is the main result of [4].
This is done by decomposing the collection of channels into two disjoint sets, A = A; U A,,
where A; is a selected set of scattering channels and A represents the remaining scattering

channels. There are no restrictions on how to choose the set A;.
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It is useful to define the orthogonal projectors

P =3P and P =3 PO, (57)

acA; acAs

where by convention the one-body (N-body bound state) channels are in As.

If follows from (54) that they satisfy
PO+ P =1 (58)
This leads to the exact decomposition of the Hamiltonian given by

H=PH+PH=Y POH+Y POH=

acA; acAs

STEOHL+ Y e(PO))Hy

acA; {bePy|b2a}
+ Y | POHL+ D> G(PI)H | (59)
acAs {bePy|bDa}

This decomposition is based on the the (—) asymptotic condition in the scattering channel
projectors. From (56), all of the completely connected parts in (59) add up to [H];, and this
vanishes if there are no N-body interactions (note that the N-body bound state channels

only contribute to the completely connected parts of the expression). It follows that
H=[Hi+> Y GEH+Y Y C(P)Hy (60)
a€A; {beP)|bDa} a€Az {beP}[bDa}

If there are no N-body interactions in the Hamiltonian, then the contributions from the N-
body bound states cancel with the completely connected contributions from the scattering
channels.

Channel truncated Hamiltonians are defined by
Hyo=Y_ > C(P)Hy (61)
acA; {beP)y|bDa}

and

Hyy :=[Hh+ Y, > C(PO))H, (62)

a€Az {beP)[bDa}
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where the completely connected part [H]; (the N-body interaction) is included in the set

As. The individual channel Hamiltonians are defined by

Hy:= > C(P{7))Hy. (63)

{beP, |b2a}

With this definition, equations (61) and (62) have the form

Hy, =Y H, (64)

and

Hy, :=[H) + > H,. (65)

This decomposition has the feature that both H4, and H,, are expressed in terms of so-
lutions of proper subsystem problems and a possible N-body interaction. (Po(é_))z7 is the
projection on the scattering states of Hy, if Hj, has scattering states in the channel a. These
scattering states are related to the exact channel « scattering states by “turning oftf” the
interactions between particles in different clusters of b for b O a. It is always possible to add
additional N-body operators to (61) provided that they are subtracted from (62).

Since both H; and (Pa )b are Hermitian and commute with one another, it follows that

both Hy, and H 4, are Hermitian. Also, since

> Y aeOwH=> POH- Y [POH], (66)

a€A1 {beP)[bDa} acA; acA;

H,, differs from the exact spectral projection of the Hamiltonian, PJ&:)H , on the channels

A; by the connected operator

Wy =[Py Hl = Y (PO H]L (67)
acA;
It follows from (66) that
POH = Hy, + Wy, (68)

The channel « scattering states of H 4, are defined using wave operators given by

Qz)(a)q)a = lim efate el (69)

t——00
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In the appendix it is shown that the limit

iHAlte—z‘Pf[l)Ht _

(=) _p(=)
lim 61<PA1 H W’>te WPy HE
t——o0

lim e’LHAltefl(HAl +W1)t7 (70)
t——00

exists when applied to Q(7)(a)®,, and Q(m;), which is a connected perturbation of the identity,
transforms the (—) scattering states of the full Hamiltonian in the channels A, to the (—)
scattering states of H 4, :

O (a)®a = Q) () (a)D,) . (71)

The inverse relation

(2 (a)d,) = Q410 (a) D, (72)

can also be derived using the same methods used to derive (71) in the appendix by inter-
changing the roles of Q(~)(a) and 954_1) (a). It is important to note that although Qg,;) depends
on A, it is independent of the specific channel o € A;. While determining W; involves
solving the N-body problem, the observation that the scattering states of H 4, are related
to the scattering states of the exact Hamiltonian, projected onto the subspace of important
channels, implies that the spectral resolution of both operators are related by Qg/;). This
also means that the incoming scattering eigenstates of H and H 4, in the channels A; are
identical up to fully connected parts. This does not require the full N-body solution. This
observation will be used in the next section to show that H 4, satisfies an optical theorem
with the channels a € A;.

The operator QE,;) also satisfies the intertwining relation:
. _ _ . 5(—)
ettlags Q%/V) = Q%,V) e Pay s (73)
This follows from

‘ N . - _ip()
eZHAﬁQE)V) _ gilas ( lim ez(PAl H W1>te iPY Ht) _
t——o0

. (=) _ip(=) _ip(=) i p(—)
ezHAls ( lim el(PAl H W])te iPy, Ht> e iPy HsezPA1 Hs _
t——00

( lim ei(Pi_l)HW1>(s+t)€—in41)H(t+s)> eiPJ((l)Hs _ Q;) eiPﬁ(lhqs7 (74)
(t+s)——00
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where the limit ¢ — —oo can be replaced with (¢ + s) — —oo because the limit is the same
for any fixed s.

It follows from the intertwining relation,(73), that

1 —isz is - - isPOm 1 —isz
Py /dse f(z) e Q%,V) = Q%A/) /dse Ay 7€ f(z). (75)
This means that
f(Ha) Q) =y FPLH), (76)
For functions of the form f(z) = -1, this gives
-1
(E— Hya, +ie) Q) = Qf) <E —POH+ ie) (77)
or
-1
(B — Hy, +ie) = Q) (E ~PUH+ ie) Qi1 (78)

Note that even though the eigenstates of PZ)H are scattering states of H, the resolvent
of PJ&:)H is not the same as the resolvent of H; the two resolvents have different discon-
tinuities across their scattering cuts. The discontinuity across the cut is responsible for
the contributions to the optical theorem. This will be discussed in more detail in the next

section.

V. OPTICAL THEOREM

This section will show that the transition operator for the truncated Hamiltonian, H4,,
satisfies an optical theorem with the channels o € A;, which shows that all of the scattered
flux is in the channels A;.
The A;-transition operator for 2 — 2 forward scattering in the two-body channel 3, using
(5) and (14), is
TV (Eg + ie) = L TY (B +ie) Dy =

of (HY, + HY, (Eg — Ha, +ie)” HY,) P (79)
Taking the difference with ¢ — —i leads to

OF (T (Ep + ic) — T (Ep — i) @5 =

—2%€
o [ HY% @, 80
B Al((Eﬁ—HAJHe?) A )
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Using (78), this becomes
oL (T (Eg + ie) — T (Ep — ic)) @5 =

—21€

trrb o)
CI),BHA1QW (=) 2
(Bs - PGH) +e

and this means that
lim ®f, (T (B +ie) — T4, (Bp — ic)) Dp =
—2mi &L HY Q) §(PH — Ep) Q) HY, @ (81)

The advantage of expressing this in terms of P,S:)H is that the completeness relation for
the exact projected Hamiltonian, which only involves states in the chosen set of important

channels Ay, can be used to evaluate the delta function so that (81) becomes

—2mi Y ®LHY Q) Q) (a) @, 8(E, — Ep) ®f, Q) (a) Q1 THY @5, (82)

acA;

The exact channel a@ € A; scattering states can be expressed in terms of the channel «a

eigenstates of H 4, using the relation in (71), which means that (82) becomes

—2mi Y OLHY O (a) 0 0(E. — Ep) Q%) (a) HY, @5 (83)

acA;

Taking the imaginary part of both sides gives
2I'm {@}3 T (Ep + ie) %} -

—21 Y OLHY QL) (a) 80 6(Ea — Ey) F, Q5 (@) HY, @5 =

acA;
—2m ) /\qﬂ T (Eg + ie) D)* 6 ZE — E3)dp; - - - dp. (84)
acA

The right hand side of (84) is related to the total cross section o by

(Y

RHS = —(QW)WUT,

(85)
where v is the relative speed. This means that the total cross section can be expressed as
2
op = - ”) T orm {@}3 T (Eg + ie) %} -
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2273 —1 47
— ImA{Fps} = —Im{F, 86
’ o mA{Fss} = - Im{Fss}, (86)
where Fgg := —(27m)%u (DTﬁ T% (Eg + i€) @ is the scattering amplitude for 2 — 2 forward

scattering for the two-body channel 3, k is the center-of-mass momentum, and g is the
reduced mass. Equation (86) gives the familiar form of the optical theorem:
4
or = ?Im {Fss}. (87)
This means that all of the scattered flux is in the channels A;. It is important to note that,
in this case, the discontinuity across the scattering cuts in the resolvent does not receive
contributions from the channels in A;. An identical analysis also applies to the Hamiltonian

H 4, by interchanging the channels A; with the channels A,.

VI. BENZCE-REDISH-SLOAN EQUATIONS

While the properties of H,4, and the associated scattering theory were derived using time-
dependent methods, computations normally utilize time-independent methods. For many-
body reactions, differential cross sections are expressed in terms of transition operators,
T (z), which are operators on the N-particle Hilbert space. They are related to the two-

Hilbert space channel transition operators by
TH(E +ie) = ®LHYQ ) (a) Py = OLT™(E + i€) D,

where z = E+ie and F is the on-shell energy. These are solutions of linear integral equations.
By manipulating the equations so that they have a compact iterated kernel, which can be
uniformly approximated by a finite dimensional matrix, the solution involves solving a large
linear system. The equations derived by Bencze, Redish and Sloan [18][19][20] have this
property and are sufficiently flexible to be applicable to the dynamical models governed by
Hamiltonians of the form H 4,. A short derivation of these equations following [21] is given
below.

The transition operator for multichannel scattering in the notation of this paper is
T"(2) = H* + H°G(2)H*, (88)

where G(z) = (z — H) ™" is the resolvent operator (or Green’s operator) and z = E + ie is

the complex energy. If the completely connected part of H® is zero (it doesn’t contain any
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N-body forces), then the operator decomposition of H? is
H =" C.H. (89)
cePy
This means that the transition operator can be expressed as
T*(z) = H*+ Y C.H!G(z)H". (90)
cEPYy

Using the second resolvent identity
G(z) = Ge(2) + Go(2) H°G (=),
the transition operator becomes

T*(z) = H*+ ) CH! (Go(2) + Ge(2)HG(2)) H* =

cEPy
H*+ Y C.H!Go(2) (H* + HG(2)H") = H* + Y _ C.H!G(2)T*(2), (91)
cePly cePly
where Go(z) = (z — H,)". Therefore, the transition operator T%(z) satisfies
T*(2) = H*+ Y CH!Go(2)T*(2), (92)
cePly

and these are the equations derived by Bencze, Redish and Sloan. These equations are

coupled integral equations. It follows from (92) that the iterated kernel,

Z Z CchHch(Z)Hng(z)7 (93)

cePY dePy,

is connected since ZceP;v C.HG.(2)HS is connected or zero by (42). Everything above holds
if H is replaced by H 4.

VII. IDENTICAL PARTICLES

For systems of identical nucleons, the Hilbert space is the antisymmetrized subspace of the
N-nucleon Hilbert space, and the exchange symmetry can be used to reduce the number of
coupled scattering integral equations. In this section, the method in [22] is applied to treat

integral equations of the form in (92) involving identical particles.
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Projectors on the symmetrized (antisymmetrized) subspace of the Hilbert space are con-
structed using permutation operators. II(NV) is the group of permutations on N objects.
For a given permutation o € II(IV), P, is the operator acting on a N-particle basis vector

ki, g1, -+, ky, pn) defined by

Polky, i, kv, i) = (=) ko), o), 5 Koy o)) (94)

where |o| = 0 for integer spin particles and even permutations of half-integer spin particles
and |o| =1 for odd permutations of half-integer spin particles.

Permutations act on partitions by permuting the labels of particles in each cluster. The
partition b = o(a) denotes the partition obtained from a by using ¢ to change the particle

labels. This is illustrated by the following example

1234567

o= (95)
2735416

a = (124)(37)(65) (96)

o(a) = (275)(36)(14). (97)

In this example, both partitions have one three-particle cluster and two two-particle clus-
ters. Partitions related by permutations define equivalence classes of partitions (permutation
equivalent partitions). The equivalence class containing partition a is denoted by [a]. In the
above example, this is the set of all distinct seven-particle partitions with one three-particle
cluster and two two-particle clusters. Any b € [a] can be expressed as b = o(a) for some
o € II(N).

Permutations satisfying o(a) = a define a subgroup II,(N) of II(N). The elements of
I1,(N) include permutations that interchange particles in the same equivalence class of a
and permutations that interchange different equivalence classes with the same number of
particles. The subgroup Il,(N) has N, = [[; n,! [, k;! elements, where n,, is the number
of particles in the i*" cluster of a and k; is the number of clusters with j particles. In the
above example, interchanging 3 with 7 and 6 with 5 leaves a unchanged. Interchanging the
(37) pair with the (65) pair also leaves a unchanged. The subgroup II,(/N) in the above
example has 48 = 312!2!12! permutations.

For ¢’ € II(N) satistying 0'(a) = @' # a, if 0 € II,(N) then (¢'0)(a) = 0”(a) = a’. This
means that (¢/)~'¢” € II,(N) or that ¢’ and ¢” are in the same left coset of TI,(N). Tt
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follows that each partition in [a] can be identified with a left coset of II,(N). The number of
partitions in [a] is equal to the number of left cosets of I1,(N'), which by Lagrange’s theorem is

Ny = ]]\\;—; In the above example there are 105 = 7!/48 partitions in the class [(275)(36)(14)].

4!
212!

these include: (1)(2)(34), (1)(3)(24), (1)(4)(23), (2)(3)(14), (2)(4)(13), (3)(4)(12).

Permutation operators, P,, are unitary since they are products of unitary transposition

As another example, the equivalence class, [(1)(2)(34)], contains = 3! partitions, and

operators. The permutation operator P, replaces the cluster translation operator in eq.
(23), that translates the clusters of the partition a, by the cluster translation operator that

translates the clusters of the partition o(a):
PUTa(Xla"' 7Xna)P;:Ta(a)(X17"' aXna)' (98>

Since the operator O, is defined using the cluster translation operator, it follows from (28)
and (98) that
P,0,P! = P,O, P, = O,4). (99)

Also, since [0], and O are defined in terms of the O,’s, the transformation properties of

these operators under permutations is

P[0l P =[0lo  and  R,OLP; =070 (100)

g

Symmetrizers (antisymmetrizers) are defined by

1
Ri=— >, (101)

" o€ell(N)

The symmetrizer (antisymmetrizer) R is an orthogonal projection operator on the N-particle

Hilbert space that satisfies
R=R*=R'"  and R=P,R=RP, VoclN). (102)

The first relation in (102) can be obtained using

1 1 1 1
Roqim 2 | 2 Bl =qim 2 | 2 B )=

o€ll(N) \o'ell(N) o€ll(N) \ ¢”ell(N)
S——\ ~
=N! =N!R
R=R' (103)
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where o’ = o0’ for a fixed 0. The adjoint replaces P, by P,-1, which results in the same
operator when summed over all permutations. The second relation in (102) can be obtained
from the definitions of R and P,, which simply relabels the permutations in the sum of
(101).

Symmetrizers (antisymmetrizers) constructed from permutations in the subgroup that

leaves the partition a unchanged are defined by

1
R, = . HZ (104)

These operators symmetrize the particles in each cluster of a and identical clusters of a.
Therefore, for any partition a, the symmetrizer (antisymmetrizer) in (101) can be expressed

as

= — Z PR, = Z RoPoa, (105)

[ ] a’€la] a’€la)
where F,, is any permutation operator that transforms a to a’ and Nj, is the number of
partitions in the equivalence class [a]. The sums are over all partitions that can be obtained
from a by permutation.
The Hilbert space for a system of N identical particles is the range of symmetrizer
(antisymmetrizer), R, on the N-particle Hilbert space. The initial and final scattering

states need to be projected on this subspace so that the unit normalized states are

Rly) — _ RP)
) — [ = IR RO = IR (106)

For states [¢) satisfying R,|¥) = [¢) and (¢|P,1) = 0 for o(a) # a, the normalization

coeflicient is

(W|RI¥) "2 = \/Nu- (107)

For a wave function |¢), with Ny, partition equivalent channels, the normalized wave func-

tion has the familiar form

Vlan]) =
1
VN Z Poa|ta,) = Y —r= = Panltc)-

a€lao] a a€lao]
Unit normalized wave functions are needed for matrix elements of the (unitary) scattering

operator to be interpreted as a probability amplitude.
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For distinguishable particles, if |o) and |3) are sharp-momentum initial and final channel

states with energy E, then
Ha)=(H*+ H,— FE)|a) = (H — E) |a) (108)

(BIH® = (B| (H* + Hy — E) = (8| (H - E), (109)

where (H,— E)|a) = (H,—E)|8) = 0. On-shell sharp-momentum transition matrix elements

can be expressed as

(BT + i0)a) = (3] (H* + H' g °) o)

(81 (1= B+ (1~ By 11~ ) ) ) = (110)

(BIT(E + ie) a),
where T(E + i€) is defined as

- 1

T(E +i€) := (H = B) + (H = B) 5 (H = ). (111)

If the Hamiltonian satisfies [H, R] = 0, then [T(E + i€), R] = 0 because T(E + ie) is a
function of H. It follows that

(B|RT(E + ie)R|o) = (B|T(E + ie)R|o) =

(BIRT(E +i€)|a) = (B|RT(E +ic) P, a), (112)
where P, is an arbitrary permutation operator. In this case, the properly normalized on-shell
transition operator from |a,) to |5,) is

1 D e (Bo|Ro, Popy T(E + i€) Py|ev,) B
Nip) (ol Rlevo)/2(B,| R| B,)

1 Yy (Bol Bo, PopT(E + i€)|r)

113
Nui (ool Flao {5 RIG e
In this expression, the matrix element is independent of the choice of |a) = P,|ay,).
The normalization condition in (106) gives
N -~ .
Mo 2 (Bl o, P, T(E + ie)a). (114)
bol peibo]
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This can be expressed in terms of the operator 7% by

Nia,)
[[ . Z (Bo|Rb, Py p T"(E + i€)|cv). (115)
be[bo]

This expression is only valid on shell, but it is possible to construct equations for the operator
Tl = 3" Ry, Py T"(E + ic). (116)
be[bo]
After solving for T* it can be evaluated on shell and multiplied by the numerical factors
n (115).
To construct integral equations for T% one uses the integral equations in (92) for

T*(E +ie€) in (116) to get

1= S mm (B Y GE o).

bE[bo] cEP),
To get an integral equation for T°l?, the second term on the right-hand side of (117) needs
to be expressed in terms of T'l¢le,

The first step is to choose a permutation o satisfying o(c,) = ¢, where ¢, € [¢] is an
arbitrary but fixed element of [¢|. For this permutation, let P.. = P,. It follows from (99)
and (100) that

HG(E +ie) = P, HY, "G, (E + i€)Pe,e, (118)

where P, . = P_L.

CCo

With this substitution the second term on the right side of (117) becomes

Z Rbopbob Z C Hb E + ZG)Tca(E + ZE)

b [bo] cE€P),

> Ry, Pop Y CPu,HI VG, (E +ie) P T(E + ). (119)
be[bo) cEP),

The sum over partitions can be replaced by a sum over equivalence classes of partitions
and a sum over partition equivalent partitions in a given equivalence class. With this
decomposition, C. = C| and ¢, is the same for all permutation equivalent partitions.
Since Py, = P, for some o', it follows that P, ,P.., = P, = Pys. One can then define
Py o1y := P,». With this definition, (119) can be written as
> Cy Y. Y Ry PonHL VG (B + i) P (E + ie). (120)

[col€EPA c€lco] bE[bo)
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Since for each ¢ € [¢,], o is a fixed permutation, summing over all b € [b,] is the same
as summing over all 0=!(b) € [b,]. This is independent of the specific ¢ € [c,]. Letting
v =o71(b), (120) becomes

> Ciey Y R, PoyHLG,(E+ie) > P T°(E +ie). (121)

[eo]€Phy b €[bo] c€lco]

Since the choice of P, . was arbitrary, it could be replaced by P, P. . for any o € II. (N).

Averaging over all of the permutations in II. (N) gives

> Cly Y. R, PwHLGe,(E+i€) Y Re,P..T%(E +ie), (122)

[col €PN v €[bo) c€[co]

which can be expressed in terms of Tl?(E + ie) as

> Ced D R, Poy HY Ge, (E + i) T (E + ). (123)
[colEP) b'€[bo]
In this equation, the number of coupled equations is equal to the number of equivalence
classes of partitions rather than the number of partitions. Combining (116), (117) and (122)
gives the following integral equation for Tle(E 4 je):

TP +ie) = > Ry, Py H"
b’ €lbo]

+ > Cq > Ry Py H! Ge,(E +ie) T (E + ie). (124)
co]€Pl,  bE[bo]
After solving the system for TPl ( E 4 ie), if it is evaluated between internally symmetrized
channel states, |a,) and |,), then the matrix elements need to be multiplied by % to get
the correct normalization. Since the normalization factors only depend on the partitions,
they can be absorbed into the equations by replacing T1%1% (E 4 i¢) by the symmetrized
transition operator defined by

N
Tlelo (B 4 ie) i= | [l Tlbelao (B ), (125)

sym o]

The equations in (124) are for a general permutation-symmetric N-body Hamiltonian, and
they are also valid for the truncated Hamiltonian, H 4,, provided A; contains all channels
related by permutations. The number of equations for truncated Hamiltonians depend on

the choice of retained channels A;.
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The differential cross section has the form

do = @MW [Tl (E + i€) o) |*6(Ey — Ea)s(P' = P) [ [ dp: (126)
v N[bo] 1o) o b a 1

when it is expressed in terms of the operator T'[beloe.

VIII. THE STRUCTURE OF THE TRUNCATED EQUATIONS

The dynamical equations in (124) are abstract. This section considers the structure of the
simplest approximation, where only 2-cluster channels are retained, in more detail.

In general, the truncated Hamiltonian in (61) has the form
Hy, = Ca(Ha,)a-

When A; only includes 2-cluster channels, (H4,), = 0 unless a is a 2-cluster partition. For

2-cluster partitions, C, = 1 and, given partitions a and b,
(Ha)o = (Hay)a — (Hay)arw-
If a # b, then a N'b will have more than two clusters. This implies that
(Ha,)arw =0 when a #b.

It follows that

(HA1)Z = (HAl)agab = [HA1]a5aba

where

5ab =1- 5ab'

The channel « eigenstates of (H 4,), have the form

la) = |, s1, p1, P1) @ |Qa, S2, o, P2),

where the «; labels the bound subsystems. The energy of this state is

2 2

P71 | 85
E, = —e1+ — é9,
“ 2M, “ 2M, “2

and this is the sum of the kinetic energy minus the binding energy of each bound cluster

(M; is the total mass of each bound cluster).
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The terms in the kernel and driving term of (124) become

(HAl)g = 5bC[HA1]c = gbC/ |%>E*ycd%<%| (127)
and
. < E., d~
b _ Ye c
(H-Al)c(G.Al)C(E + ZG) = 5()6/ |'Yc>—E — E% —i—_iE <’Yc|, (128)
where

d% = dpcl dch .

In this case, the symmetrized equations in (124), with C. = 1 for 2-cluster partitions, are

(Bo| TP (B + i€) [ovg) = Z Z/ Bol Boo Poop|ve) Eredye (el cto)

o] c#£b
el 2 dy (129)
'YCO Co [clao .
+ Z ZZ/ ﬁo|Rbonob|%o>E E, +ic (Ve [T 9% (E + i€) | cvp).
bE[bo Coyéb c co
If |8,) is internally symmetrized, |3,) = Rg,|5,), then (129) becomes
GT(B i) = 0 3 [ (B0 el
be[by] c#b
e " (130)
£ 2T [18he) e [T (B + i),
E—-E, +i
be bo] Coib [Co
These solutions need to be multiplied by [[Z"}] in order to get the properly normalized

transition matrix elements.

What is needed as input are the overlap matrix elements

<50|Rbonob|%o>

for all b € [b,]. Each one has an overall momentum conserving delta function with a rotation-
ally covariant kernel that depends on one initial and one final relative momentum variable.

They have the general structure
/ Z<I~)bo7 Ny, 50|Rbopbob‘13b7 Ny, 6>d15b<13b7 Ny, 6’13607 Neys fYCo>7

where the p, are the relative momenta between the clusters of a. For each fixed p;, the

remaining independent variables are integrated out.
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IX. BOUND STATES

While the main goal of this work is to investigate the role of different scattering channels
on many-body reactions, the result is a truncated Hamiltonian that may also have bound
states. If the original Hamiltonian has no N-body interactions, then the projection of the
exact Hamiltonian on the bound states must exactly cancel with the connected part of the
projection of the Hamiltonian on the scattering states (using the equation in (59)). The
dominant part of the projection of the Hamiltonian on the bound states may be due to
N-body contributions from a limited number of important incoming or outgoing scattering
channels. If these limited scattering channels are major contributors to the connected part
of the exact scattering states, then they should provide major contributions to the bound
states of the system.

The decomposition in (61) can be used to determine which scattering channels are most
responsible for the binding. An interesting example is the system consisting of two protons
and four neutrons. This system has a bound state, He, which is a halo nucleus. The
expectation is that this system can be modeled as an alpha particle interacting with two
loosely bound halo neutrons. The six-body bound state arises from the connected part of
the complete set of scattering states. An interesting question is how much of the binding is
due to the subset of a —n —n scattering channels. This can be investigated by searching for
bound states of the truncated Hamiltonian H 4,, where A; consists of all of the « —n —n
scattering channels. The interesting thing about this system is that there are no bound
states consisting of two protons and three neutrons, >He, and there are no bound states
consisting of two neutrons. The interactions for this reaction mechanism are constructed
from the a—n and n—n scattering states where the third “particle” acts as a non-interacting
spectator.

In this example, there are six equivalent scattering channels that differ by which pair
of neutrons are bound in the alpha particle. These channels can be labeled by the pair of

neutrons in the alpha particle:

Qij, Aoy, = (Prpaning) () (1)

where p and n are the protons and neutrons, respectively. Here ¢ and j label the neutrons

in the alpha particle and k£ and [ label the asymptotically free neutrons. There are 6
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permutation equivalent channels and partitions: aqa, 3, 14, (a3, Qiag, ai34. The partitions

that appear in the Hamiltonian

are the 3-cluster partitions, (p1p2nin;)(ng)(n;), and the 2-cluster partitions that include

(p1paningng)(ny), (prpanining)(ng) and (prpanin;) (ngny),

where there are six combinations of ;.

The following short-hand notation is used in what follows:
’a2]> = |a7plj> & |pk7 /’Lk> & ‘pla :ul>

|a(z])(k)_> = |(a7pij7pk7lubk)_> ® |pl7lu’l>
lvayw-) = |, Pijs i 1) ") @ |Prs f)

|O‘(ij)*> = |, Pij) @ |(Pks e, P> 1))
p;

2 2

Pj;

i Pk T —e,
8mN ka 2ml

E;; =

v

dog; = dpi;dprdp
where p;; = p; + p; and ¢, is the binding energy of the a particle. The kinetic energy and
interaction terms are defined by

Kij = / D la)da; Ey{a|

HisHk

Hijpe = / > (i m - o Biglagim - | — laa))daos; B (o))

KMk

Hij, = / > (- )doi By aggo- | — o) das; Ei o)

Kk

Hy = / > (- )dai; Eiglagy-| = lag)dai; Bij(ag)|) -
KMk

Using this notation, the Hamiltonian for the &« — n — n channels is

HA1 = Z(KU + Hij,k + HijJ + Hkl)7

ij
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where the sum is over all six pairs of ij corresponding to 24 partitions. The input are n —n
and n — « scattering states. Mathematically, this is a coupled three-body system. This
Hamiltonian can be diagonalized to determine if this reaction mechanism is sufficiently rich
to support a bound state.
Using
(B = (Ha,)a) 1Y) = (Ha,)*|¥)

and

Y =1,

acP)y,

it follows that the six-body bound state is a solution of the generalized eigenvalue problem
W) = > CalE — (Ha)a) ™ (Ha,)" W),

where the right-hand side of this equation is connected by (42). The sum only involves
2-cluster and 3-cluster partitions. Note that this particular form of the equation is known
to have spurious solutions [23], so any solutions need to be checked to make sure that they

also satisfy the Schrodinger equation.

X. THE RELATIVISTIC CASE

The same analysis can be applied to a relativistically invariant quantum theory, with some
non-trivial differences. Relativistic invariance in a quantum theory requires that quantum
observables cannot be used to distinguish inertial coordinate systems. This implies that
the dynamics of the system is given by a unitary representation, U(A,a), of the Poincaré
group [24] (semi-direct product of the Lorentz group (A) and spacetime translation group
(a)). Unitary transformations preserve the quantum observables: quantum probabilities,
expectation values and ensemble averages.

The Poincaré group is a ten parameter group (three translations, three rotations, three
rotationless boosts and time translation). The infinitesimal generators of U(A,a) are the
Hamiltonian, H, the linear momentum operator, P, the angular momentum operator, J,
and the rotationless boost generator K. These are self-adjoint operators. They satisfy the

Poincaré commutation relations:
[P* P =0  [J, P =i*P*  [J J7] =ie* Jk (131)
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[J4, K9] = ie*K*  [K' K] = —ied* J* (132)
[K',P|=i6"H  [K' H]=iP" (133)

The relativistic analog of diagonalizing the Hamiltonian is to decompose U (A, a) into a direct
integral of irreducible representations. This is equivalent to simultaneously diagonalizing the

invariant mass and the spin Casimir operators of the Lie algebra defined by
M?*=H?-P?> and S*®=W?/M? (134)
where W* is the Pauli-Lubanski vector
Wt=(P-J,HI +P xK). (135)

Once the eigenvalues of M? and S? are fixed, the representation of U(A,a) on the fixed M?>
and S? subspaces of the Hilbert space is determined by group theoretical considerations.
For this section, it is useful to define the following functions of the generators: The

Newton-Wigner position operator [25] is

x (HJ+P x K)

1.1 P
X:=-{= K} - 1
2{H’ } MH(M +H) (136)
and the spin is
These operators satisfy
(X', P =id;  [X', 87 =[P, S =0. (138)

Equations (134), (136) and (137) can be inverted to express the ten Poincaré generators as
functions of {M? P, X, S}:
H= VP21 M2 (139)

J=XxP+S8S (140)
1 P xS
K—é{H,X}— TSR (141)

The Poincaré commutation relations follow from (138) and the requirement that M and S?

commute with these operators.
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Bound states of the N-particle system are simultaneous eigenstates of the mass M, linear
momentum P, the square of the spin S?, and the projection of the spin on an axis, S - Z,

where the mass eigenvalue m,, is discrete . These states, denoted by

(M4, 8) P, 1), (142)

are eigenstates of H with eigenvalue

Ey, = 4 /p2 + mg (143)

Poincaré transformations on these states leave m; and s unchanged:
U(Aa a)|(mb’ 8) b, PJ>
= Z/ |(my, s) P’ 1) dp’ (5, 8) P/, 1/ |U (A, @)|(ms, 5) P, 1), (144)
l”’/
where the matrix

((my, s) p', W |U (A, a)|(ma, 5) P, 1)

is a representation of a mass m; and spin s irreducible representation of the Poincaré group.

It is the Poincaré group analog [26] of the Wigner D-function for the rotation group:

D;M/(R) = <37 M‘U(R) |$7 ﬂ/>
In a relativistic quantum theory, the cluster condition

lim  TT(xy, -, %X, ) U@) T(X1, - Xp,) = @1, U, (1) (145)

|xi—x]- ‘—)OO

is replaced by

lim  TV(xy, %) UN, @) T(x1, -+ Xp,) = @52,Uy, (A, a) = Uy(A, a), (146)

i —xj[—00
where Uy, (A, a) are unitary representations of the Poincaré group for the subsystem of par-
ticles in the i* cluster of b and the limit is a strong limit. This condition means that it is
possible to test special relativity on isolated subsystems of particles.
The new complication in the relativistic case is that interactions necessarily appear in

more than one of the generators [27]. This is a consequence of the commutators
[K', P =i0"H (147)
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that have the Hamiltonian on the right side. If H includes interaction terms, then they
must also appear in the terms on the left-hand side of these commutators. This impacts
(146) since the translation generators P, for the i cluster of a do not commute with the
corresponding boost generator K,,.

The cluster condition in (146) will be satisfied for short-range interactions provided that

each Poincaré generator GG; has a cluster expansion of the form

G = Z (Gila = [Gi]1 + Z Ca(Gi)a, (148)

a€PN acPly,

where (G;), = >_1*(Gi)q,- Each (G;),, has the form (G;),, ® I, where (G;),, only acts on the
Hilbert space associated with the particles in the {*" cluster of a and satisfies the Poincaré
commutation relations for each cluster of the partition a. I is the identity on the rest of the
Hilbert space. The construction of unitary representations of the Poincaré group consistent
with the cluster condition in (146) is non-trivial and can be found in [28][29].

The construction in [29] is recursive on the number of particles. It uses sums of proper sub-
system generators to construct the Poincaré generators (G;),. These are used in equations
(134), (136) and (137) to construct the operators M,, P,,X,, and S,. For each partition a,

a S-matrix preserving unitary transformation, V'(a), is constructed that transforms
P, X,, and S, (149)

to

PQ,X(), and So. (150)

The operators with 0 subscripts have no interactions, and V'(a) is recursively constructed to
satisfy
(V(a))y =V(anb). (151)

The resulting transformed mass operators
Vi(a) M, V(a), (152)
for each partition, commute with the operators in (150). If these are combined using

M=>" CVi(a) M, V(a), (153)

acP)y,
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then M also commutes with the operators in (150). The generators G; can be constructed

as functions of

M,PO,XO,and SO (154)

using relations (139)-(141) to express the generators in terms of the operators in (154). This
gives a dynamical representation of the Poincaré Lie algebra. The problem is that if the

interactions between particles in different clusters of a are turned off, then
G — Via) (Gy)a V(a).

This means that it will violate cluster properties. The violation of cluster properties typically
involves interactions disappearing that should not disappear when subsystems are separated.
In order to restore cluster properties without breaking the commutation relations, one

defines the Cayley transform, K (a), of V(a) by
K(a)=1i(V(a) = I)(I + V(a))™* with V(a) = (I —iK(a))(I+iK(a))"'. (155)
One can define the unitary operator V in terms of these Cayley transforms by
Vi=(I—i ) CK(a)(I+i ) CuK(a)™. (156)
acPy, acPy,

This operator has the property that when the interactions between the clusters of a are

turned off, it becomes V' (a):

V., =V(a). (157)

Since V' is unitary, it follows that

G, =ViGv (158)

satisfies the Poincaré commutation relations and satisfies the cluster properties in (146)-
(148). It also follows that
U(A,a) = VU, a)V (159)

satisfies the cluster properties

lim  TT(xy, - X, ) UN, @) T(x1, -+, Xp,) = @1, U, (A, a). (160)

|x;—xj]|—00

One consequence of this construction is that

Gi =[G+ Y CalGi)a, (161)



where the connected term is generated by the operator V' and is needed to restore the
commutation relations.
The construction of the operators V' (a) in [29] uses the same methods discussed in section

ITI. The construction outlined above can be performed by replacing
{M, Py, Xy, S0} (162)

by
{M; =VIMV, Py, X; = VXV, S, = VISV (163)

As in the non-relativistic case, the starting point is the construction of channels. Given
a partition a, there is a scattering channel « if there are bound states in each cluster of the

partition a. In the relativistic case, the states in (5) are replaced by

®?=al|(mbi7 Si) pivui>7 (164)

where the m, are discrete mass eigenvalues of the bound state in the i* cluster of a. Note
that these states transform like (144).

Given U(A,a) satisfying cluster properties, the construction in the relativistic case is
identical to the construction in the non-relativistic case. The exact projection operator on
the A; scattering channels is

Py =Y Q9(a)®, 20 (a), (165)
acA;

where the wave operators are the same functions of the Hamiltonian as in the non-relativistic
case. Cluster properties of U(A, a) imply that the Hamiltonian and all of the generators have
cluster expansions of the type discussed in section III. The wave operators satisfy the general
intertwining relations

U(A,b) Q5 (a) = Q) (a) Uy (A, b).
The projection of the exact generators on the channel subspace are

Pia,Gi. (166)

These projected Poincaré generators satisfy the Poincaré commutation relations because the
channel projection operators are Poincaré invariant. The projected generators have cluster

expansions of the general form

P4, Gi = [Pia,Gil + Z Ca(Gia,)a- (167)

a€Py,
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The term ZGGPEV Co(Gia, ) can be constructed from all proper subsystem problems. While
it satisfies cluster properties, it does not satisfy the commutation relations. The operators
V(a) and V in (159) are also constructed from proper solutions of proper subsystems.

While the (Gja,)q for a € P) can be constructed from solutions of proper subsystem
problems, without the connected term these operators will not satisfy the Poincaré commu-
tation relations. Connected operators [G;4,]; that restore the commutation relations can
be constructed directly from the (G;4,), for a € Pj. The construction is the same as the
one used in the exact case except the subsystem mass operators are replaced by the channel
projected subsystem mass operators.

Formally,

Gia, =
=V C(V(a) Gia)VH(@)aV = [Gia)i + Y CalGia,)a, (168)
a€Py a€Py
where the connected term is generated by the construction. The resulting selected channel
generators satisfy the Poincaré commutations relations. The operator [G4,]1 is not equal to
the operator [P,4,G;]; in (167), which requires the full solution of the problem. The proof
of the optical theorem is identical to the proof in the non-relativistic case.

These G4, generators can be used to construct the corresponding unitary representation
of the Poincaré group. In this construction the required part of the N-body interaction is
frame dependent. Note that while the connected term is required, it is not unique. Different
constructions of the operators V' (a) can result in different [G;4,];. This is related to the fact

that cluster properties only fix the dynamics up to a N-body interaction.

XI. CONCLUSIONS

The role of individual scattering channels in nuclear reactions and nuclear structure is
identified. The nuclear Hamiltonian is expressed as a sum over contributions from each scat-
tering channel, the individual contributions determine the structure of the exact scattering
wave functions in that channel up to, but not including N-body correlations. Limiting the
sum to a selected subset of channels results in a truncated Hamiltonian that satisfies an
optical theorem in the selected subset of channels. No flux is lost to the discarded channels.

Each time a channel is included in the sum that channel opens up, and it contributes to the
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total cross section.

Each scattering channel Hamiltonian is energy independent and impacts all of the other
channels, even at energies where that channel is closed. The scattering channel Hamiltoni-
ans also determine both the bound-state spectrum and structure of the bound-state wave
functions.

The scattering channel Hamiltonians are constructed by first expressing the Hamilto-
nian as sum of tensor products of proper subsystem Hamiltonians. This is done using the
Mobius and Zeta functions of the lattice of partitions that relate the cluster expansion of
the Hamiltonian to a linear combination of proper subsystem Hamiltonians.

Terms in the spectral decompositions of tensor products of proper subsystem Hamilto-
nians are identified with scattering channels. The channel Hamiltonians are obtained by
changing the order of the sum of tensor products of proper subsystem Hamiltonians with
the sum over channels. The result is the part of the full spectral expansion of the Hamilto-
nian that can be constructed out of proper subsystem solutions. This is the most detailed
information about the N-body Hamiltonian that can be obtained without solving the full
N-body problem. Since the terms in the sum involve only proper subsystems, the channel
sum only includes scattering channels and since the channel expansion is not the full spectral
decomposition, the channel Hamiltonians for different scattering channels do not commute.

Diagonalizing this Hamiltonian generates the N-body correlations in each scattering wave
function, generates the bound state wave functions and determines bound state energies.
Even though all of the scattering channels are closed at the N-body binding energy, in this
representation of the Hamiltonian the bound state binding energies and wave functions are
completely determined by the scattering channel contributions. If the original Hamilto-
nian has no explicit N-body interactions, then N-body scattering correlations generated by
diagonalizing the Hamiltonian exactly cancel the bound state projections.

The representation of the Hamiltonian as a sum of channel Hamiltonians was originally
derived in ([4]). There the intended application was the construction of few-body models
of nuclear reactions dominated by a given set of channels, where flux is conserved and only
appears in the given set of channels. In this work, time-dependent scattering theory is used
to determine the contribution of different scattering channels to the full spectral expansion
and the structure of bound states.

In the scattering channel representation, the Hamiltonian is a sum of many-body opera-
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tors, even for Hamiltonians with only two-body interactions. The integral equations for the
scattering states derived in section VI are compatible with many-body operators and can be
used to solve for the transition matrix elements for any selected channel truncation of the
Hamiltonian. When the retained channels include all channels related by particle exchanges
the number of coupled integral equations is reduced.

The channel representation is developed by applying cluster expansions to the spec-
tral representation of the exact Hamiltonian. The construction utilizes results from time-
dependent scattering theory. The chain rule for wave operators in [3][17] relates the exact
solutions to scattering solutions for Hamiltonians with interactions between different clusters
solutions turned off. Hunziker’s treatment of cluster properties in scattering [16] provides a
framework for relating the exact and subsystem channel states without having to use cluster
properties of unbounded operators. The approach in this work has the advantage that the
optical theorem in the selected (or remaining) channels can be understood from the solved
form of the optical theorem for the exact channel projected Hamiltonian.

In this framework, there are no restrictions on the choice of contributing channels. The
key properties that are special about this decomposition include: 1) both the retained and
discarded channel Hamiltonians satisfy optical theorems in complementary sets of channels,
2) the scattering wave functions for the retained set and discarded set of channels differ
from the exact scattering wave functions only by N-body correlations and 3) the channel
truncated Hamiltonians are energy independent. Because the result of this decomposition
is a Hamiltonian, it is compatible with any computational method. And because the exact
Hamiltonian can be expressed as a sum of parts with complementary sets of channels, it
provides a framework for investigating the dynamics due to the excluded channels. It is also
compatible with Hamiltonians that have many-body interactions that come from effective
field theory [5][6] or unitary scattering equivalences [7][8][9][10]. The channel decomposition
can also be applied to model bound systems when the reactions are dominated by few-body
channels.

The general method can also be applied to relativistic models. The application requires
Poincaré generators that satisfy cluster properties. While this is a non-trivial constraint
[28][29], once it is satisfied the construction proceeds in the same way as in the non-relativistic
construction; however an additional N-body operator, constructed from the truncated gen-

erators, is needed to restore the Poincaré commutation relations. The relativistic treatment
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is applicable to models with color confinement, where color-singlets naturally cluster and
the constituent particles have relativistic energies. In this case, the internal structure of the
elementary color singlets is required input.

While the structure of channel truncated Hamiltonians involves contributions from many
subsystems with different signs, the combinatorial factors [13][14][15] ensure that there is no
over counting and that the continuous spectrum is bounded from below. This is relevant
for treating overlapping channels and systems with identical particles where it is necessary
to retain all channels related to the selected channels A; by exchange of identical particles.
This needs to be done in a manner that avoids over counting.

A possible point of confusion is why there is no flux lost to the eliminated channels in A5?
The primary reason is that H 4, is a Hermitian Hamiltonian that only supports asymptotic
states in the retained channels in A;. The proof of the optical theorem proceeds as it would
with any Hamiltonian.

For a more detailed explanation note that the eigenfunction expansion of the full Hamil-

tonian in (44) is also equal to the expansion where (45) is replaced by
P = Q) (a), I QDT (a). (169)

While the full Hamiltonian is unchanged, when the channel sum is truncated to a subset of
scattering channels the expansions are different; specifically they are related by time reversal.
In calculating the multi-channel scattering operator, Sgz,, there is a preferred direction of

time evolution which is apparent from the definition of the channel scattering operator

Sﬁa — (Q;)TQ— — hIl’l @TﬁeiHbt672’L'Hte’L’Hat.®a. <170)

Y ot
When H is replaced by H 4, there are two natural approximations to Sg,. The first replaces
Sge in (170) by
Sga(Ay) = tE+moo (IDLeiHbte_QiHAlteiH“t(I)a. (171)
In this case the dynamics is generated by a single approximate Hamiltonian and this is the
approximation used in this manuscript.

A second natural approximation is to replace e 241t in (170) by

—iTHA, Tt

e e~ Hat (172)

which uses H 4, to calculate Q(7)(a) and the time reversed H 4, to calculate (Q) (b)), (here

T is the time reversal operator). In this approximation flux is lost in the channels As.
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Both approximations converge for the same Sg, in the limit that all of the scattering
channels are included, but the second one does not satisfy the optical theorem unless all
channels are included.

In the first approximation the Hamiltonian H 4, has asymptotic states only in the channels

A;. Scattering states with Hamiltonain H 4, exist for both, (£), asymptotic conditions:

(U0 = lim efalem el |g,,), (173)

t—=+o0

and both limits give states with the same energy eigenvalues (see (73) and (74)). As «
ranges over all channels in A4; they span the same subspace. The range of H,, contains
this subspace and may include some additional discrete states, which correspond to bound
states or unphysical normalizable eigenstates. The possibility that these unphysical states
have eigenvalues in the continuum cannot be eliminated. States in the null space of H 4,
have eigenvalue 0.

The optical theorem arises because the resolvent of H 4, has a discontinuity across the
cut corresponding to the continuous spectrum, which is just due to the channels A;. It will
be satisfied, except at possible discrete energies where H 4, has a point eigenvalue in the

continuum.

XII. APPENDIX

The existence of the wave operator Q%,;I), that transforms the (—) scattering eigenstates
of H in the channels A; to the (—) scattering states of H 4,, is proved in this appendix. This
establishes the relations in equations (71) and (72) that are used in the proof of the optical
theorem.

The starting assumption is the existence of the two types of (—) wave operators in the

channels A;:

Q) (a)®, = im etemiHalp Yo e A (174)
——00
and
O (a)®, = Jim cfafe i, Vae A (175)
——00

The limit in the first equation is the (—) wave operator for the full Hamiltonian in the
channels A;. The limit in the second equation is the (—) wave operator for the Hamiltonian

H 4, in the (—) channels A;. The existence of the second limit is assumed, however its
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existence can be understood by realizing (see (52)) that (1) by turning off interactions

between any two clusters containing a it agrees with doing the same to the exact wave

operators, i.e. for any partition b D a with two or more clusters

(05 (@)p®0 = (2 (a))y®s

(176)

and (2) by construction Hy4, has no N-body interactions, so the different intercluster inter-

actions that appear in (176) for different choices of b are the only interactions in H 4,. This

implies that all of the effective interactions in e41* are short ranged.

For o« € A; consider the limit

i (e tem et — Pttt By o).

Since [H, P4,| = 0 this is equal to

tlim H ([ o 6i(PA1 —I)Ht)ethe—iHat>q)a|¢oa> ||
——00

Because
QAl = ] — P.A1

is the projector on the orthogonal complement of the range of P4,, it follows that

I — 6i(PAl—])Ht —J - e—iQAlHt _ ([ o €_i(QA1Ht)QA1.

Using (179) in (177) gives

(177) = lim [|[(1 = " Pa=DH)Q 4, e ) D oa) || <

1

tlim 2||QAleilite_ili“t<I>a|¢Oa)|| =
——00

2||QA1|\IIr(;)>H 0
for o € A;. This shows

Q) (a)®, = lim ePatltemillaty
t——o0

To prove (71) consider the difference
(2699 (@) = 94 (@) @algoa)l =
tiifnoo I <6iHA1t6—z‘HletQ(—)(a) _ QE&?(“)) Bl don)].
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(177)

(178)

(179)

(180)

(181)



Adding 0 gives

1 iHp b —tHPL tiy(=)(,\ _ JGHPLt —iHgt | GHP; t —iHat\ _ (=)
Jim | | e ate™ RO @) Ze e+ e ) — 0La) |
0

(I)Oc|¢oa>||‘

Using the triangle inequality gives

< lim [etafe ™ AN (QO) (@) — P e T o) Bo g0 |1+
——00

lim || (e '™ " — O (a))Paldoa)l-

t——o0

tHP,

. ; _ t . .
Since the operators ef41te 1" are unitary this becomes

= lim |27 (a) — e e et ) D, |6 0) |+

t——o00

lim_[(etem et — 6 (a))@a| doa) | (182)

t——o00
These limits vanish by assumptions (174) and (175) and equation (181). This shows that Q(m;,)
exists and transforms the exact (—) scattering stated in the channels A; to the corresponding

scattering eigenstates of H4,:

Q50 (@) aldon) = 2% (€) Pl don) (183)
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