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Abstract

We advocate the use of Daubechies wavelets as a basis for treating a
variety of problems in quantum field theory. This basis has both natural
large volume and short distance cutoffs, has natural partitions of unity,
and the basis functions are all related to the fixed point of a linear renor-
malization group equation.

1 Introduction

Daubechies wavelets and their associated scaling function are functions [1][2][4]
[3][5][6] used in signal processing and data compression. The functions have
useful properties that have advantages for applications to problems in quantum
field theory. Daubechies wavelets have been used in some field-theoretic appli-
cations [7] [8] [9] [10] and different types of wavelets have been used in more
formal treatments of field theory [12] [13] [11] [14], however many useful prop-
erties of wavelets do not appear to have been exploited. Some of the properties
of Daubechies wavelets that are potentially useful for field theory applications
are:

1. The functions are an orthonormal basis for square integrable functions on
the line. This means that one can formally express fields ezactly as infinite
linear combinations of discrete field operators and coefficient functions.
This can be used study the nature of corrections to truncated theories or
to compute the singular coefficients in operator product expansions.

2. The basis functions have compact support. This means that discrete fields
associated with basis functions with space-like separated support com-
mute. The maximum size of the support of the basis functions can be
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controlled. There are also infinite numbers of basis functions with arbi-
trarily small support so it is possible to use these operators study locality
and how locality is violated in truncations. In these representations local
fields can be replaced by a local algebra of well-defined operators.

3. The Daubechies basis functions are related to solutions of a linear renor-
malization group equation. It is a natural basis to formulate renormaliza-
tion group transformations. The basis allows for a separation of scales;
a fine resolution truncated Lagrangian or Hamiltonian can be exactly ex-
pressed in terms of a coarse resolution truncated Lagrangian or Hamilto-
nian of the same form, plus some addition operators that fill in the missing
fine-scale physics. Eliminating the fine scale operators gives a new Hamil-
tonian, involving the same masses and coupling constants, in the coarse
scale degrees of freedom that includes the effects of the eliminated fine
scale degree of freedom. This can be repeated to include the effects of
eliminated degrees of freedom on arbitrarily small scales.

4. The basis is generated from a single function, which is the solution of the
linear renormalization group equation, using discrete unitary translations
and discrete unitary scale transformations. While the basis functions have
a fractal structure, overlap integrals of products of any number of the basis
functions and low-order derivatives can be computed analytically using
only the renormalization group equation and a scale fixing condition. In
addition, integrals of products of basis functions and polynomials can also
be computed exactly using the renormalization group equations.

5. Subsets of the basis functions contain compact, locally finite partitions of
unity. This property can be used to investigate symmetries like Poincaré
invariance. The partitions of unity can be used to make local realizations
of the Lie algebra. The generators can be expressed exactly as sums of lo-
calized operators obtained by integrating the operator densities multiplied
by the functions in the partition of unity.

6. The basis functions have a limited amount of smoothness, and can locally
pointwise represent low-degree polynomials. This means that overlaps of
low-order derivatives of field operators can be computed directly, rather
than by using a finite difference approximation.

7. Because the basis functions have compact support and there are basis
functions with arbitrarily small support, the basis has both natural short-
distance and large-volume cutoffs.

The purpose of this paper is to discuss some problems in field theory where
wavelets might have advantages as well as some of the specialized methods for
dealing with fractal basis functions. In section two we discuss the construction
of the wavelet basis and introduce the renormalization group equation for the
Daubechies scaling function. In section three we introduce our free-field conven-
tions. In section four we introduce the wavelet representation of free fields. This



representation is also relevant in interacting theories, when the natural volume
and resolution truncations in the wavelet representation are used to make finite
number of degree of freedom truncations of the interacting theory. In section
five we discuss the scaling properties of the wavelet fields. In section six we dis-
cuss Poincaré invariance and partitions of unity. In section seven we discuss the
formulation of renormalization group equations in the wavelet basis. In section
eight we discuss gauge transformations in the wavelet representation. In the
appendix we compute the overlap coefficients that couple different scales in the
free-field Hamiltonian.

2 Basis construction

The Daubechies scaling function is the solution of a linear renormalization group
equation subject to a scale-fixing normalization condition. All basis functions
are generated from the scaling function using discrete translations, dyadic scale
transformations, and sums.

The discrete translation operator, T, and a dyadic scale transformation, D
are unitary operators on L2(R) defined by

(Df)(x) = V2f(2r)  (Tf)(z) = flx—1). (1)

The operator D decreases the support of a function with compact support by a
factor of two in a manner that preserves the L?(R) norm. The scaling function,
s(z), is the solution of the linear renormalization group equation

2K—-1

s(x) = Z hyDT's(z). (2)
1=0

Equation (2) states that the scaling function is a linear combination of 2K-
translated copies of itself on a scale smaller by a factor of 2. Since this is a
homogeneous equation for s(x), we are free to assign the normalization. It is
fixed by the scale-fixing condition

/s(a:)dx =1. (3)

Equations (2-3) define the scaling function. Equation (2) is called the scaling
equation. The h, are real coefficients that are characteristic of the type of
wavelet. The coefficients for some of the Daubechies scaling functions are given
in Table 1.

Given the solution of (2-3), scale-1/2* scaling functions are defined

sk (z) == DT s(x) (4)

n
by applying n unit translations followed by k dyadic scale transformations to the
original scaling function. Linear combinations of these functions with square-
summable coefficients span a subspace Hy, of L?(R), which we call the resolution-
1/2% subspace. The scaling equation implies the relation

Hi+1 DO He (5)
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Figure 1: Daubechies K = 3 scaling function.

and more generally
Hitm O Hi (6)

for m > 0. This means the lower resolution spaces are linear subspaces of the
higher resolution spaces.

The mother wavelet w(x) is the following linear combination of the sl (x)
scaling functions:

2K -1 2K -1
w(z)= Y gDT's(z)= Y asi(z) (7)
=0 =0

where the coefficients g; are related to the coefficients h; by reversing the order
and alternating the signs
g = () 'hax 1. (8)

Plots of the Daubechies K = 3 scaling function and mother wavelet are given
in figures 1 and 2. Scale-1/2% wavelets, wk(z), are constructed by applying
translations and dyadic scale transformations to the mother wavelet

k _ kn

wy(z) = DT w(z). 9)

The scale 1/2F wavelets are designed to span the orthogonal complement, W,
of Hy in Hyq1,

Hir1 = Hi ® Wy. (10)



Figure 2: Daubechies K = 3 mother wavelet

The coeflicients h; are chosen so the translates of the scaling function and mother
wavelet are orthonormal and finite linear combinations of translations of the
scaling function can be used to make local pointwise representations of polyno-
mials of degree K — 1.

Continuing the decomposition (10) inductively leads to the following orthog-
onal direct sum decomposition of the Hilbert space of square integrable functions
on the line

LQ(R):Hk@WkEBWk+1@"' . (11)

This gives a decomposition of the Hilbert space into orthogonal subspaces with
successively finer resolutions. Specifically the basis for Hj, can be used to repre-
sent features down to scale 1/2%, W represents features down to scale 1/2F+1
that cannot be represented on scale 1/2%, Wj.,; represents features down to
scale 1/282 that cannot be represented on scale 1/2F+1 etc.. Smearing local
fields with these basis functions gives discrete fields that are sensitive to average
information on different scales.

The coefficients h,,, which characterize the Daubechies K-wavelets, are so-
lutions of the system of equations

S =3 (12



hy | K=1 | K=2 K=3
ho | 1/vV2 | (14+v3)/4v2 | (1+v10+ V5 +210)/16V/2

( )
hi | 1/vV2 | 34+ V3)/4v2 | (5+V10+3v/5 +2/10)/16v/2
hy | O (3—3)/4v2 | (10 — 2/10 + 2V/5 + 2v/10)/16v/2
hs | O (1—+/3)/4V/2 | (10 — 2f—2 5+210)/16v/2
hy | O 0 (5+ /10 — 3v/5 + 2v/10)/16+/2
hs | 0 0 (14 /10 — v/5 + 2v/10)/161/2
Table 1:
2K—1
Z hihi—2m = dmo (13)
=0
2K—1 2K—1
dtg= Y I"(-D'hak1=0 n<K. (14)
=0 =0

The first equation is a necessary condition for the scaling equation to have a
solution; it can be derived by taking the Fourier transform of both sides of
the scaling equation. The second equation ensures that integer translates of
the scaling function are orthonormal. The third equation ensures that linear
combinations of integer translates of the wavelet functions are orthogonal to
degree K — 1 polynomials.

This last condition, along with (11), implies that polynomials of degree K —1
can be locally pointwise represented by locally finite linear combinations of
scaling functions.

The solution of these equations for K = 1,2,3 are given in Table 1. The
solutions are unique up to reversal of order; k — [ = 2K — 1 — k. The numerical

values of the K = 3 coefficients, rounded to two decimal places, are hg = —g5 =
437 hl = (g4 = ].1]., hg = —g3 = 66, h3 = g2 = —.34, h4 = —3g1 = —.39, h5 =
go = —.66. An important observation is that only one of the six coefficients,

h1 = g4 has magnitude larger than 1.

In this work we advocate using the Daubechies K = 3 wavelets. This is
because of they have small support and have one continuous derivative. The
derivative allows one to replace the finite difference approximations of deriva-
tives that appear in the Hamiltonian or Lagrangian with actual derivatives.

The scaling function s(z) and mother wavelet w(x) have support on the
interval [0,2K — 1]. It follows from (11) that for any fixed scale, 1/2, the

functions
{sh (@) }o oo U{w (@) }02% 0 i (15)

are an orthonormal basis for L?(R). The basis functions s (x) and w¥ (x) have
compact support on the interval [27%n,27%(n + 2K — 1)]. This support justifies
calling H, the resolution-1/2* subspace.



The basis functions satisfy the orthonormality conditions

/ ds" (2)55, () = b (16)
/dzs’fl(x)w,’ﬁl(x) =0 (i1>0) (17)
/dmwﬁ(m)win(x) = OmnOki. (18)

Scaling functions with different k are not orthogonal and are not members of
the same basis. Similarly, the wX!(x) with negative [ are not orthogonal to
sk (z) and are not members of the basis that includes the s (x). In general,
the basis (15) consists of scaling functions of a fixed largest scale, 1/2*, and
wavelets that can represent the structure on all scales 1/2%+! with [ > 0.

A basis for the resolution 1/2¥*™ subspace, Hj,4m, that includes the basis

functions for the resolution 1/2* subspace, Hy, is
k k l Jk+m—1
Span({sn+m}zo:—oo) = Span({sn}zo:—oo U {wn}zo=—o;n:l=k)' (19)

This means the wavelets on scales 1/2% 1/2k+1 ... '1/2k+m=1 fi]] in all of the
missing higher resolution information in Hg,, that is not contained in Hy.
The scaling functions form a partition of unity

o0 oo oo

1= Y sz-n)= Y (I"s)@x)= Y s (20)

n—=——oo n—=—oo n—=—oo

This partition of unity is locally finite, meaning that at any point only a fi-
nite number of the functions are non-zero, and the functions all have compact
support. There are also partitions of unity for the scale-1/2* scaling functions

oo

Z \/%sfl(x) = Z s(2%z —n) =1 (21)

n=-—oo n=—oo

except they must be multiplied by the factor \/%

2k71

The scale-1/2F~1 scaling functions and scale-1/ wavelets are both linear

combinations of the scale 1/2* scaling functions

2K—-1

il (@) = Y hishy(x) (22)
1=0

2K -1
wi T @) = Y sk, (@), (23)
1=0

The inverse of these relations express the scale 1/2F scaling function as a linear
combination of the scale 1/2#~! scaling functions and wavelets

s]fL(z) = Z hn—stfnil(x) + Z gn—2mwln€;1(x)- (24)



Equations (22-23) define the wavelet transform in signal processing. It is a
pair of filters that decompose a signal into high and low-resolution parts in a
manner that can be inverted to reconstruct the full signal. In signal procession
applications it is applied many times to generate multi-resolution decomposition
of the signal. Equation (24) is relevant in field-theory applications, where we see
that the wavelets represent the lost information when one eliminates small-scale
fluctuations. The same coefficients appear in (22-23) and (24) because these
two sets of orthonormal basis functions on H* are related by a real orthogonal
transformation.

For some applications it is useful to express equations (22) and (23) in infinite
matrix form

2n+2K—1
s @)= Y Humsh (@) (25)
m=2n
2n+2K—1
wil @) = ) Gamsh() (26)
m=2n
where
Hn’rn = hm—Qn Gnm = 9m-2n- (27)
In this notation (24) becomes
sh(x) =Y HL, sk @)+ Ghwh () (28)
where
Hfzm = Hmn = hn72m ny,m = Gmn = 9n—2m- (29)

While the matrices are in principle infinite, for fixed n there are only 2K non-
vanishing terms in the sum, which is clear in the equivalent expressions (22)
and (23).

Note that if we set £ = n in the scaling equation it becomes

2K —1 2n
s(n) = Z V2hs(2n —1) = V2 Z hon—ms(m) (30)
1=0

m=2n—2K+1

which has the form of an eigenvalue equation for the matrix M,,,, = hon_m,
where the eigenvectors are (0, s(1),s(2),- -, s(2K —2),0) and the eigenvalue is
1/+/2. If we differentiate the scaling equation and again evaluate the derivative
of the scaling functions at integer values we get

2K—1 2n
sSn)= > 2V2s'2n—1)=2v2 > hau_ms'(m).  (31)
=0

m=2n—2K+1

This is an eigenvalue equation for the same matriz, with eigenvector (s'(0), s'(1),
s'(2), -+ ,s' (2K —2),8' (2K — 1)) and eigenvalue 1/2%/2. Each derivative brings
down an additional factor of 1/2 in the eigenvalue. Since a finite matrix has



a finite number of eigenvalues, the scaling function can only be differentiated
a finite number of times, (n times if the matrix above has an eigenvalues of
2~ (+1/2)) " Thus we have the interesting property that the number of derivatives
is associated with the eigenvalue spectrum of a finite-dimensional matrix. This
makes it clear that the individual wavelets and scaling functions have only a
finite number of derivatives. It is interesting that certain linear combinations
of scaling functions may have more derivatives than the functions themselves;
this is the case with the partition of unity (20). The sum is constant, which is
infinitely differentiable, but the individual functions in the sum are not!

For fields that are functions of four space-time variables, we use a basis for
the square integrable functions of the three space variables consisting of prod-
ucts of the wavelet basis functions, (15), in each of the three variables. We
identify basis functions that are the product of three resolution 1/2* scaling
functions as the resolution 1/2* basis; the seven other products of combinations
of wavelets and scaling functions span the orthogonal complement of the reso-
lution 1/2% subspace in L?(R?). We introduce a compact notation to make the
three-dimensional case look like the one-dimensional case.

In three dimensions we define:

sn(x) = sy, (21)sy, (22)s7, (w3) (32)

and use the notation to wy’, (x) to represent the remaining basis functions that
have one of the following seven forms

Witk (%) = s, (@1) 55, (2)w)s (3) (33)
Wity k(%) = sy (@1)wy2 (22) 55, (23) (34)
Wity (%) = wit (21) sy, (x2) ) (203) (35)
Wi 4 kg ks (%) 7= 8, (@1)wies (22)wys (23) (36)
Wits oy s (%) 7= Wit (21 w2 (2) s}, (3) (37)
W6y ey (X) i= WhE (1)) (22)w*ng(w3) (38)
Wit ey ok (X) 1= Wit (1) i (w2) W)y (a03). (39)

We call the functions wy',(x) generalized wavelets, where the index, m, rep-
resents the smallest wavelet scale (largest ki, ko, k3) appearing in the product.
The index « indicates the values of k1, ko, k3 as well as which of the seven types
of products appear in the basis function.

Since the scaling function is the solution of a renormalization group equa-
tion and all of the other basis functions are linear combinations of translated
and scale transformed scaling functions, it follows that all of the basis functions
have a fractal structure. This makes it difficult to represent the basis functions
in terms of elementary functions that are smooth on a sufficiently small scale.
Fortunately, while it is possible to compute the scaling function to any desired
accuracy, this is never needed in any application. What is needed are the overlap



integrals of products of arbitrary numbers of basis functions and their deriva-
tives. It turns out that these integrals satisfy renormalization group equations
and can all be computed exactly using the renormalization group equations and
the normalization condition, without knowing the value of the integrand at any
points. These equations can also be used to compute the integrals of products
of these functions with polynomials of arbitrary degree. Since the basis func-
tions have compact support, and any continuous function can be approximated
by a polynomial on a compact interval, it follows that integrals of products of
these basis functions and continuous functions can be computed to any desired
accuracy. Methods for computing these quantities are discussed in section five
and the appendix.

3 Free field conventions

In this section we summarize our conventions for a free mass-u scalar field and
list some standard results that will be used in the subsequent sections. Since the
free field operators exist and the wavelet basis expansions are exact, free fields
provide a useful laboratory for understanding truncations as approximations.

Free fields also play a role in modeling interacting theories. In the presence
of both resolution and volume cutoffs, which are natural in the wavelet basis,
all of the operator products in the Hamiltonain become finite sums of well-
defined operators on the free-field Fock space, allowing one to formally work in
the interaction representation. The renormalization group, discussed in section
seven, provides one means to construct a limiting interacting theory with an
infinite number of degrees of freedom.

The Lagrangian density for a free scalar field of mass p is

1

L(x):= §(<I>(ac)<l>(ac) —VO(z) - V&(x) — 12 ®(x)?). (40)

Lagrange’s equations are

8—24) x o

52 2@ = 55 ®(@) + P8 (x) = 0. (41)

The generalized momentum is

and the Hamiltonian is

H= / (TT(2) () — £(x))dx

10



The field ®(x,t) is normalized so ®(x,t) and TI(x,t) satisfy the canonical
equal-time commutation relations

[@(x, 1), II(y, )] = id(x —y). (44)

The classical energy-momentum tensor is

T () = — (,f(gifg) 9+ L(x) =
0D(2)0,0(x) — L (" D()0nD(x) + p20(x)?) (45)

and the angular momentum tensor is
MW = (g TV — xVTH). (46)
These tensors satisfy the conservation laws
0, T = 0 MM =0 (47)

leading to the conserved charges, which after quantization, are the infinitesimal
generators of the Poincaré group

Pt = /t . dxP(z)dx  PH(z):=T"(2) (48)
JH = / dxJ" (x)dx T (z) == MO (x). (49)

The generators can be ;;ressed as integrals over operator-valued densities

H=P=
/t_o C(I(z)®(x)—L(z)) : dx = %/ (T(2)T1(2)+ VO (2)- VO (2)+p2®(x)?) : dx
(50)
P = 7/_ C(x)VO(x) : dx (51)
Jii ;fjji — ik gk —

/t de S(O(2)2? 0'®(z) — ()2 07 d(z)) : (52)

J’iOZ_JOi:Ki:

/t:O : <;H2(x)z’ + %zivtp(x) -Vo(z) + %xi,u2<1>(x)2 - xOH(x)ﬁiq)(x)) s dx

where the :’s indicate that the operators are normal ordered.

11



The field has the Fourier representation (— + ++ metric)

®(x “P%al(p) + e a(p)) (54)

_ 1 dp .
)= (2m)3/2 / \/2wu(p)(

1) = s [ oy 242 o)~ ) (59)

wu(p) = vV pu? + p? (56)

is the single-particle energy. The equal-time commutation relations imply

where

[a(p),a' (p')] = 6(p — P'). (57)
The vacuum state of the field is the solution of
a(p)|0) = 0. (58)

The infinitesimal generators have momentum-space representations as integrals
over momentum densities

= [#o)ip = [ dpa’ () (Plap), (59)

P = / P(p)dp = / dpa'(p)pa(p), (60)

3= [®)p = [ dpa'(e)is x plate) (61)
K= [ K)o = [ dpal(p); (i) on(p)}a(p) (62)

where we set 2% = 0 in the last expression.

4 Wavelet discretized fields

The wavelet basis discussed in (32-39) can be used to write ezact expansions of
the fields as sums of products of basis functions with time-dependent operator
coefficients

O(x,t) =Y B t)sk(x)+ > 2(n,a,t)wh,(x) (63)

n,a,l>k

M(x,t) = ZHk(n,t)sﬁ(x) + Z ' (n, a, t)w!,, (x) (64)

n,o,l>k

where the operator coefficients are projections of the field operators on the
orthonormal basis of scaling functions and wavelets

Ok (n, 1) / dxD(x, )" () (65)

12



dl(n,a,t) = /dx<I>(x7 !, (x) (1>k) (66)

1% (n,t) = /dxH(x,t)s’fl(x) (67)

M (n, a, t) = / dxTi(x, )l (x) (1> k). (68)

In these expression we only integrate over the spatial coordinates so the operator
coeflicients are time dependent. It is also possible to integrate over all space-time
coordinates.

These expansions have been separated into operators smeared over scaling
functions and generalized wavelets. This is a separation of scales - the scale-1/2*
scaling functions give the coarse scale structure of the field, while the wavelet
parts include the structure on all smaller scales.

The field operators smeared with the scaling functions represent the average
value of the field over a compact region weighted by the product of scaling
functions. Because the scale 1/2F! scaling function can be expressed in terms
of the scale 1/2F scaling functions and scale 1/2% wavelets, (24), the scale 1/2*
wavelet and scaling-function smeared fields, contain the same information as
the scale 1/28*! scaling function smeared fields.

When all of the wavelet contributions are included the expansions are exact.
In any finite region there are still an infinite number of wavelet basis functions
associated with arbitrarily small scales.

For fields satisfying canonical equal-time commutation relations, the or-
thonormality of the basis functions implies the equal-time canonical commu-
tation relations for the discrete fields:

[©"(n,1), @ (m,5)] =0 [I1"(n, 1), 11 (m, )] = 0 (69)
(% (n, ), TT*(m, t)] = i0n.m (70)

[@"(n, v, 8), % (m, B,8)] =0 [I"(n, e, ¢),11°(m, B, )] = 0 (71)
[®"(n, a, 1), T (m, B, 1)] = 10050,50nm (72)

[@"(n, o, t), ®*(m, )] =0 ["(n,a,¢),1I°(m,t)] =0 (73)
[@"(n, o, ¢), I°(m, )] =0 [II"(n, o, £), ©°(m, £)] = 0 (74)

where in all of these expressions k < r, s.
Given these discrete field operators we can construct discrete creation and
annihilation operators

13



that satisfy
[ak(n,t), akT(m, t)] = 6mn (77)

[b'(n, a, t), T (m, Bt)] = Smndj10us (78)

with all other commutators vanishing. In these expressions -y is a constant that
can depend on the discrete indices. While these quantities and their adjoints
satisfy the commutation relations (77,78) for creation and annihilation operators
for any choice of v, a specific choice is required if the annihilation operator is
to annihilate the free field vacuum. This requires that v is chosen so

(0|a*T (n, t)a”(n, 1)[0) = 0 (79)
01b" (n, o, )" (n, , 1)[0) = 0 (80)
(0la®(n,t)a*t(n,1)]0) = 1 (81)
(0]b" (n, a, t)b"T(n, i, 1)|0) = 1. (82)

With this choice of v the annihilation operators annihilate the mass p free-field
vacuum.
The solution of these equations for the scaling function fields is

_ 1+ V/1 — 4(0|®*(m, t)®* (m, ¢)0) (0| TI* (m, £)IT% (m, t)|0)
2(0[®* (m, t)®* (m, £)|0)

v(k)

_ 1+ /1 —4(0|®%(0,t)®*(0,¢)|0)(0[TT*(0, t)IT% (0, t)|0)
2(0|®*(0,1)2*(0,£)[0)

(83)

and for the wavelet fields

1+ /1 —4(0]®" (m, o, t)®"(m, , 1) [0) (OII" (m, cv, £)I1" (m, v, £)]0)
2(0|®" (m, a, t)®7 (m, v, t)]0)

v(k,a) =

_ 1+ /1 —4(0[®7(0, cr, )P (0, v, £)[0) (O]TI7 (0, cv, £)I17 (0, v, ) |0)

2(0|®7 (0, a, t)®7(0, v, 1)|0) (84)

These coefficients depend on the scale 1/2%, a and the mass u; however they
are independent of m and ¢ by the space-time translational invariance of the
vacuum. With this choice of v the scaling function fields can be expressed in
terms of the creation and annihilation operators as

3" (m, ) = \/%(akf(m, )+ a*(m, 1)) (5)
% (m, t) = i\/Z(akT(m, t) — a¥(m, 1)) (86)

with analogous expressions for the wavelet fields,
B (m, a, 1) = %(b’”(m,a,t) + b (m, o, 1)) (87)

14



.Y
% (m, t) = z\/g(b“(m, a,t) — b (m, a,t)). (88)

The coefficients v depend on the mass term in the field operators. This is
because the following integrals appear in (83-84):

k(m k(m _ 1 sﬁ(x)sﬁ(y) eP () 1xc
01 m, )8 (m. )0} = 55 [ 220 dxdydp  (59)

(Y)wu(p)eip'(X*Y)dxdydp (90)

sk (x)sk
(OTT* (0, £)IT (m, £)[0) = 1) / n()n2

(2m)3

(010" (m, 0,87 (m, 0. 0]0) = 751 [ WoanCIan®) i txy) gy (01)
Y bl ) bl (27T)3 2w”(p)
1 T ' .
(O (1, DI (.0, 8)0) = 75 / e
Y[8

(92)
These are integrals of the basis functions over the two-point mass-y Wightman
function of this field at fixed time.
Using (85-92) in (63-64) gives exact expressions for the field operators in
terms of the discrete creation and annihilation operators:

k(m, t) + a*t(m, t))

1

) (¥ (m, a, t) + b1 (m, o, 1)) (93)

+Z V21 a

Z\/> (a*1 (m, 1) = a* (m, 1))
4 ZF ) (VT (m, o, t) — b (m, a, t)). (94)

In this notation the a and a' operators represent scale 1/2% degrees of freedom,

while the b and b operators are associated with smaller-scale degrees of freedom.
The Hilbert space for this free field is generated by taking limits of finite lin-

ear combinations of products of the discrete creation operators, a*(m, t), ' (m, o, t)f

applied to the vacuum at a fixed time.

It is useful to decompose operators into parts that only involve the a and
a' operators, parts that only involve the b and b' operators, and mixed terms
involving product of at least one operator from each of the above groups.

The terms with only the a and a! operators represent the 2~ %-scale physics,
the terms with only the b and b' represent the part of the operator associated
with scales finer that 27* that do not couple with the scale 2% operators, and
the mixed terms are responsible for the coupling of the 2 F-scale degrees of
freedom to the smaller scale degrees of freedom.
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The Hamiltonian (50) has the decomposition

H = H(a) + H(b) + H(ab) (95)
where
. 1 k k k k .
H(a)._2(2n: 1% (n, 0)IT* (n Z ®*(m, 0)DE & (n,0) :
+u® ) ®F(n,0)0%(n,0) o) (96)
1 .17l l .
= i(z:l I (n, o, 0)II' (1, 0, 0) : +
Z : @' (m, o, O)Drﬁl“[s I(n, B,0) :
ma,ing,j
+u® ) (n,0,0)97 (n,0,0) ) (97)
[8's We
1
H{(ab) = 5 z; : ®'(m, o, 0) D, " (n,0) : (98)
mao,ln
and the coefficients DE | Dﬁi,a n,p and DIk . n are given by
D = /dXst'n(x) Vst (x) (99)
DU .= / BVl (%) - V(%) (100)
DY n =2 / dxVuwh, ,(x) - Vsk(x). (101)

The derivatives of the basis functions in (99-101) exist for Daubechies K > 3
scaling functions. The computation of these integrals, using the renormalization
group equations and normalization condition, is discussed in the next section
and the appendix. These integrals are almost local in the sense that they vanish
when the support of the basis functions do not overlap. From the above equa-
tions we see that the part of the Hamiltonian, H(ab), that couples scale 1/2%
to the smaller scales proceeds through the terms in the free-field Hamiltonian
with the spatial derivatives.

There are similar decompositions for the linear momentum (51), angular
momentum (52), and Lorentz boost generators (53). For the linear momentum
the decomposition is:

P =P(a)+ P(b) + P(ab) (102)
where
P(a) =Y : 11"(m,0)P,, % (n,0) : (103)
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P)=— > :T'(m,a,0P ;9 (nB0): (104)
ma,ing,j
P(ab) =— > :1'(m,a,0)P% ,  &"(n,0):, (105)
mao,ln
and
k _ k k
| / dxst (x) Vst (%) (106)
ng,a,n,ﬁ = —/dxwfn’a(x)vxwflﬁ(x)—f— (107)
Plon = [ dxlithy o (0Vxsh () + sh(0Vathy o(x): (108)
For the angular momentum
J =J(a) + J(b) + I(ab) (109)
where
J(a) =) ¥ (m,0)J%,,8"(n,0) : (110)
Jby= > 1 (m,a,0)I7, .8 (0,5,0): (111)
ma,inf,j

J(ab) = Y :1'(m,,003% , . 2%(n,0): +11"(n,0)I% . @ (m,0,0):

mao,ln o e
(112)
and
an}n = —/dx(sﬁl(x)(x x Vy)sk (x) (113)
T = [ Ak ()6 x V) (), (114)
Thom = [ ity o (0)x % T)sh ), (115)
Jﬂ,mn = —/dxsfl(x)(x X Vx)w,lmﬂ(x). (116)
The decomposition for the rotationless boost generators is
K =K(a) + K(b) + K(ab). (117)
where )
_ k. .
K(a) = / 3 ; (FE .. (: I(n, 0)II(m, 0) :
+42 1 @(n,0)®(m,0) : +Gpm : ¢(n,0)®(m, 0) :) (118)
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K(b) = /% Z (Fi{l,a,n,ﬁ(: 1T (m, )Tl (n, 8, 0) :

Ima,jnpB

12 0l (m, @, 0)89 (n, 5,0) : +GY . &l (m, a, 0)B (n, 5, 0) :) (119)

manf :
K(ab)= [ > (Fi, .(:1'(m,a)1%(n,0):
l,m,a,n
442 : ®(m, a, 0)®F (n,0) : —l—Gﬂfa’m : ®'(n, o, 0)®*(m, 0) ) (120)

and the overlap integrals are

Ft = /dxsﬁ(x)xsfn(x) (121)
Gl = [ dxVsh(x) - Vi, (0)x (122)
Bl = [ dxch o0, (0 (123)

Gl = [ ATk () Vsl (0 (124)
Fll i = [ dxich o (ot () (125)
Gl =[xVl () T (0)x (126)

All of the numerical coefficients can all be computed exactly using linear algebra
and the scaling equation. They vanish when the supports of the wavelets or
scaling functions have no overlap.

5 Integrals

The expressions for the Poincaré generators derived in the previous section
are linear combinations of normal products of discrete wavelet fields multiplied
by numerical coefficients. The numerical coefficients are integrals of products
of scaling functions, wavelets, first derivatives of these quantities and powers
of x. For a 3 + 1 dimensional field theory each coefficient is a product of
three coefficients involving one-dimensional integrals. In this section we discuss
methods for computing these one-dimensional integrals.

While all of the integrals involve functions with fractal values, making stan-
dard numerical methods impractical, the unique properties of the wavelet basis
makes it possible to compute all of the integrals appearing in the previous sec-
tion exactly. In this section we discuss how to compute the coefficients in the
previous section. We follow the general discussion with an illustrative example.
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The integrals in the last section are products of one-dimensional integrals of
the form

r, = / (@) fol) -+ fula)d. (127)

where the functions f;(x) are scaling functions, wavelets, first derivatives of
these functions or powers of x

The important observation is that all of the functions that appear in the
integrand of the coefficient I';, have simple transformation properties under scale
transformation and translations. This, along with the scaling equation and
normalization condition, can be used to reduce the computation of all of these
quantities to finite linear algebra.

The computation uses the following relations, which follow from the defini-
tions:

1
sk (z)de = — 128
[ shiaan = = (128)
DT** =T*D (129)

d d
S-D=2D— (130)
Dz = 2v/2zD (131)
Te = (z—1)T. (132)

In addition, we use the scaling equation, the definition of the wavelet and the
derivatives of these equations in the form (25-27):

an(x) = ZHmnstJrl(z) (133)
wh () = Gnsh ™ () (134)
sV =23 HpnsH (135)
wh =23 GrpstH. (136)

These equations can be used to express s& (), wk (z), s¥(z), and w¥! (), with
scale 27% as linear combinations of scaling functions and their derivatives with
scale 27 (F+1) Repeated application of these equations can be used to increase
k in each of the functions by any desired amount.

In addition, the scale factor k of all functions in the integral can be increased

or decreased by the same amount using

/ D fy(2)D* fo(2) -+ D* fon () der =
2 / Fr (@) fo) - (@) (137)
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where in this equation k& can be positive or negative. We recall from the defi-
nition (4) and (9) that D increases k by 1 when applied to scaling functions or
wavelets. For derivatives we also need to use (130).

Using (137) to make all of the k-values negative and then using (133-136) to
increase each one to zero leads to an expression for the integral (127) as a linear
combination of integrals involving products of scale 1/2° scaling functions, their
derivatives and powers of x.

It is useful to first consider integrals where there are no powers of z; we will
see later that the corresponding integrals with powers of x can be expressed in
terms of the integrals with no powers of x. To compute a general coefficient, I',,
we use the following steps.

1. Step 1: Use (137) to relate the integral to another integral where the finest
scale appearing in the integrand is 1/2°. Then the scale of each function
in the integrand is 1/2% or coarser (negative k).

2. Step 2: Use repeated application (133-136) to replace all of the coarse
scale functions by linear combinations of scale 1/2° functions. The result
of these two steps is that original integral can be expressed as a finite sum
of coefficients where all of the functions in the integrand are scale 1,/2°
scaling functions or their derivatives. Note that the wavelet contributions
can always be expressed in terms of scaling functions using (134 or 136).

3. Step 3: Use integer translational invariance to make the support of the left
most function start at 0. Then, because each function has compact support
on an interval of width [2K-1], non-zero coefficients have translational
indices that vary from [-2K + 2,2K — 2|. That means the number of
non-zero coefficients that cannot be generated by translations is less than
(4K — 3)"~! (finite).

4. Step 4: Apply the scaling equation to the integrand of the resulting inte-
gral and use translational invariance to shift the left most index to zero.
This results in a set of (4K — 3)"~! homogeneous linear equations for the
coefficient functions with left index zero.

5. Step 5: Use the partition of unity property (there is also one for the deriva-
tive of the scaling function) to get additional inhomogeneous equations for
these coefficients.

6. Step 6: Combine the homogeneous and inhomogeneous equations to get a
linear system and solve for the coefficients.

7. Step 7: Reverse the steps, using the finite number of solution of the linear
equations to construct the general coefficients.

All of the steps are straightforward; for step six some of the equations are
redundant and one must select a set of independent equations that include at
least one inhomogeneous equation.
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We illustrate construction with the example of computing the integral of the
product of a scaling function, wavelet, and derivative of a scaling function with
different scales

, dsk+i
Ikt = [ sh @l ) 2 (). (138)
X

To be specific we assume that j > [ and k > 0. For the first step we use (137)
and (130) to reduce the finest scale, 1/2%+7 to 1/2°

kyk+1,k+7 _ o9—3(k+35)/2 7—4,—j+1,0
Imnp J — 9=3(k+35)/ ]mgw7 . (139)

This makes the last scale index 0 and the other two negative. Since all of the
other scale factors have a negative exponent, we can use (134-135) to increase
each of them to zero:
L0 =3 Hy(GHIT ) 00, (140)
m’'n’

where in (140) Hf;m, is the product of j factors of the matrix H,,,. While
the matrix H,,, is formally infinite, only a finite number of terms in this sum
contribute to a particular values of m, so the sums in (140) are finite. Similar
remarks apply to GH?~!~1. The integral on the right side of (140) is

ds
70.0.0

ity = /sm/ (:c)sn/(x)%(x —p)dax. (141)

Note that the wavelet in (138-139) is replaced by a scaling function because
equation (134) expresses the scale 1/2! wavelet as a linear combination of scale
1/2+1 scaling functions.
Next we use translational invariance to transform the first index to zero
7000 _ 70.0.0 (142)

m’'n’p 0,n'—m/,p—m’"*

Thus we can express any of the integrals, Iﬁﬁ;l’k“, in terms of the (2K — 2)?
o . 0,0,0

non-trivial coefficients I, .

Because of the compact support of the scaling function and its derivative,

0,00 ;. s 1 e
1y, is non-vanishing only for values of m,n satisfying

—2K+1<m,n<2K+1;lm—n|] <2K —1. (143)
These integrals have the form
0,0,0 ds
Iy = /s(m)s(x - m)%(x —n)dz. (144)

Next we use (133,134,135) and (137) and translational invariance to get the
following scaling equation

1 4 2
I(?;FS;? = EIO'n'lL;l L—-1 = E Z Hll’Hmm/Hnn’IO/%)’n’ =

U'm’'n’
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\/5 Z Hll'Hmm’Hnn’I(())gg,’fl/,n’fl’ (145)

U'm'n’
which is a system of (2K — 2) x (2K — 2) homogeneous equations for the values
of 1090 with —2K 4+1 < m,n < 2K + 1.

In order to solve this system we also need an inhomogeneous equation, which
must be related to the normalization condition on the scaling function. The
Daubechies K = 3 scaling function is defined so 1, z and 22 can be pointwise
expanded as linear combinations of scaling functions

1= Z S (1) and x = Z bpnsn (). (146)
The normalization condition (3) and the orthogonality condition (16) give a,, =

1or
1= sn(x), (147)

which is a restatement of the partition of unity property. To calculate b, use
the unitarity of D and the scaling equation to get

by, = /xsn(x)dat =n+ /:Es(x)dat =n+ /D‘lxD_ls(x)dm =
n + %Zhl/xs(x—l)dx =
\[sz/ dx+—2hl/ x)dr =
+ Tﬂ ;lhl + 3 /xs(x)dx (148)

where we used (12), >, by = /2, in (148). Setting n = 0 gives

/ x)dx = Z Ihy. (149)

It follows that

1
bp=n+— Lh; (150)
V22
and

T = Znsn(m) + % Zlhl. (151)
n l

If we differentiate (151) we get a partition of unity for the derivative of the

scaling function,
1= Zns;(x) (152)
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Equation (152) implies that the coefficient functions satisfy

> nlomn = 6mo (153)

This gives a non-trivial inhomogeneous equation when m = 0. If we sum over
the first index we get the equivalent inhomogeneous equation

> nlomn = 1. (154)

mn

The next step is to identify a set of independent linear equations, including

(1543, for the non-zero Ig££ . Solving these equations gives the non-vanishing
Lo -

Reversing these steps we get the following expression for the general coeffi-

cient in terms of the coefficients 18;2;? :

Iikrbht = 9=80)/2 N i (GHITY) 1000 (155)

mnp o,n'—m’,p—m’"
m’'n’

This shows that the scaling properties lead to explicit formulas for an infinite

number of coefficients in terms of the finite set of coefficients Ig:g;?n with —2K +

1<m,nm-—n<2K —1.

Given the above method to compute all of the integrals without powers of x,
is it easy to generalize the construction to treat integrands involving powers of
x. This computation uses the translations that appear in the scaling equations
to reduce the desired integral to one of the types discussed above.

The basic trick is to combine (133-137). For example, all of the moments,

<a™ >g= /8($>l‘md$ <a™ >y= /w(w)xmdaﬁ, (156)
can be constructed recursively from the normalization condition
< 5= /da:s(x) —1 (157)
using the scaling equation

<a™ >g= /Dilmefls(x)dx

11
= 7—mZhl /xms(a: — ldx
V227" &

11 - m! .
= T LY i [ st (15%)
l ’ ’



Using >, hy = v/2, and moving the k& = m term to the left side of equation (158)
gives the recursion relation for the m-th moments in terms of k& < m moments

2K—1
/xms(x)dr* _1\[ Z R — k: (Z ™™ k) /xks(x)dz. (159)

Moments of the wavelets are obtained by replacing h; in (158) by g;:

<a™ >p= /w(x)xmda: =

22m ZgzZ Ki(m lm k/ﬂf’“S(m)dw- (160)

This means the first moment can be expressed in terms of the 0** moment, which
is 1 by the scale fixing condition. This method can be generalized to calculate
moments multiplied by arbitrary products of scaling functions, wavelets and
their first derivatives. In the general case one gets a linear system for the k** in
terms of the 0,1, -,k — 1% moments.

Using these methods all of the coefficients appearing in the expressions for
the Poincaré generators can be expressed in terms of the scaling coefficients, h;,
and the solution of a finite system of linear equations. The factors of H’ and
GH’~'=!in (155) are dominated by the terms involving j or j — I — 1 products
of hy =g+4=~1.1o0r Hpy, — 1.101_n_9m and Gy — 1.104_5_2m.

Calculations of (99-101) are done explicitly in the appendix.

6 Poincaré Symmetry

There are three properties of the wavelet basis that are useful for investigating
Poincaré symmetry breaking in discrete truncations of field theory. First, the
scaling functions on a fixed scale are a compactly supported, locally finite par-
tition of unity. This makes it possible to test the Poincaré symmetry in finite
volumes. Second, the scaling functions and wavelets form a basis, which means
that it is possible to precisely identify the corrections that are needed to restore
Poincaré invariance in truncated theories. Third, because it is possible to com-
pute the coefficients of the operators that restore the commutation relations to
a set of truncated generators, it is possible to identify and classify the size of all
of the correction terms.

In this section we discuss these three properties in more detail. First we
consider the partition of unity property. Up to an overall multiplicative constant
the scaling functions on a given scale, 1/2%, form a partition of unity that has

the form
1= 27328k (). (161)

m

While this sum is formally infinite, at any given point there are at most (2K —1)3
non-vanishing terms in this sum.
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The partition of unity can be utilized to decompose each of the Poincaré
generators into sums of localized operators. To do this note that Noether’s
theorem gives formal expressions for the Poincaré generators as integrals of local
densities (48-49) over the t = 0 surface. The local densities involve products of
field operators and their derivatives at the same spacetime point.

The local density, O%(x), of the i-th Poincaré generator satisfies

[0"(x,0),07(y,0)] = id(x — y) f7*O"(y, 0) (162)

where the f¥* are the structure constants of the Poincaré group. Generators
are integrals of these densities over the ¢ = 0 hyperplane

0; := / dx0'(x,0). (163)

These integrals are the conserved charges in Noether’s theorem and formally
become time independent after integrating over a fixed-time hyperplane. The
Poincaré commutation relations are obtained by integrating both sides of equa-
tion (162) over a fixed-time hyperplane. This gives the commutation relations

[0%,07] = ifiikOk Oi:/dxoi(x,o). (164)

While the generators are not local operators, they involve integrals of local
densities over a 3-dimensional hyperplane, and the partition of unity for scale-
1/2% scaling functions can be used to express the commutation relations in an
almost local form. To do this we insert the partition of unity, (161), in (163) to

get
O = Z/Oﬁf (165)

where the smeared density is
Ok = / 2-3K/25h (x)0 (x, 0)dx (166)

and the integrals are over the t = 0 hyperplane.
In this notation the exact commutation relations (164) can be expressed in

terms of the sums: . A B
>[05. O =i 3 £ 3 0% 1om
1 n

mn

While these sums have an infinite number of terms, there are no convergence
problems because when (167) operates on the dense set of states |¥) constructed
out of finite linear combinations of products of creation operators smeared
against wavelets and scaling functions, whose support is necessarily contained
in a bounded region, then only a finite number of terms in the sum (167) are
non-zero, giving

D 05, 0wy =i > 19> OFt ). (168)
l n

mn
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In (168) the sums are finite, with m and n running only over the indices corre-
sponding to scaling functions in the partition of unity that have common sup-
port with the smearing functions s*(x) and le (x) used in the discrete creation
operators.

Equation (168) is an exact consequence of Poincaré invariance, and if it is
satisfied on the dense set of vectors generated by finite numbers of discrete
creation operators, one recovers exact Poincaré invariance.

Thus Poincaré invariance can be tested by replacing the infinite sums in (167)
by a suitable finite sum of the localized operators, O%!. Where approximations
enter is that the local densities O%(x, 0) that appear in the definition of O are
constructed out of normal products of field operators. The fields that appear in
these expressions can all be expanded in the form (63-64). The partition of unity
projects the product of different scale discrete fields on the scale 1/2* subspace.
As long as there is no truncation everything is exact. The problem is that for
normal products of more than one field, there are scale 1/2* contributions to the
operator products that involve fields on scales smaller than 1/2%. If we truncate
the theory by discarding all of contributions to the field operators associated
with scales smaller than 1/2%, then the discarded scale 1/2* contributions that
come from projection of products of smaller scale field operators are precisely
the corrections that are needed to restore Poincaré invariance.

To understand the structure of these discarded terms consider the exact
expression for the linear momentum of a free field using the scale 1/2% scaling
functions and associated wavelets. The scalar density O(x,0) for the momentum
operator is (51) which is the normal product the II(x) field and the gradient of
the ®(z) field:

P(x) = —:II(x,0)V®(x,0) : . (169)

Using the partition of unity (161) equation (51) can be expressed exactly as
P=> P} (170)

where

Pr = —/ TI(x,0)V®(x,0) : 273%/25% (2)dx. (171)

Alternatively, we can express P using the exact expansion of each of the
fields in the scale 1/2% wavelet basis and smearing the result with the scale 1/2%
partition of unity:

P = TG 0) P (0,0) : +

jn

Lojm

Z 1% (n, 0 Pkflka m®(n,0,0) : +

l,a,j,mn
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> i1 n,a,0)PF, 5 0% (n, 3,0) : (172)

La,jm

where the expansion coefficients are

Pf;’iﬁ = —/sfn(x)sﬁ(X)st(x)dX (173)
Pt = = [ 0] (0)5h () Vst () (17)
o / .05 ()Wl (x)dx (175)

leif,n,g,m = f/wia(x)sﬁl(x)wa,ﬂ(x)dx. (176)

The coefficients above are numerical coefficients.

To understand the interpretation of these results we note that (168) is an
exact consequence of the commutation relations expressed in terms of the scale
1/2% partition of unity. The expansion (172) is exact, and the resulting operators
satisfy (168). If the fields are replaced by resolution the 1/2* approximations
given by first term on the right of (63) and (64), then (172) would be replaced by
an “approximation” consisting of only the first line of (172). This approximation
would violate the commutation relations (168).

The “corrections” defined by the second through fourth line of (172) provide
the missing physics from smaller scales that is needed to restore the commu-
tation relations. Note that (168) only involves operators that act in a finite
volume, so any problems due to a volume truncation are not relevant.

In the free field case the generators (59-62) are sums of normal products
of one creation and one annihilation operator. The commutator of two oper-
ators with the structure a*(m)fa¥(n) leads to another operator of the same
form. In addition commutators of operators of the structure a*(m)b!(n, )
with b'(n, a)fa*(j) also lead to structures of the form a*(m)fa”(j).

The breaking of Poincaré invariance is related to the question of how large
are the corrections lef;’fnm, Pfﬁlkam and IDjliﬁﬁm that restore the commutation
relations relative to the coefficients Pﬁ’fr’fj. that define the approximate genera-
tors in a model with a resolution 1/2* cutoff.

These coefficients can all be computed exactly using the methods of the
previous section in order to identify the largest correction terms.

7 Renormalization Group

The wavelet basis decomposes the Hilbert space L?(R?) into an orthogonal direct
sum of infinite dimensional subspaces of successively finer resolution.

The Hamiltonian can be truncated at any scale. The resulting operator
is something like averaging over lattice blocks, except the block functions are
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replaced by product of scaling functions of a given scale. In our free field example
the scale 1/2F truncated Hamiltonian has the form H(a) in (96).

It is useful to consider the relation of the free Hamiltonians H(a) truncated
on two different scales. To do this we use the scaling equation in the form (22)
to obtain the following identities:

Omn = /sﬁq(x)sfl(x)dx = Zhl_zmhj_gn/sf"'l(x)sf“(:z:)dx =
jl

Z hi—omhj_ondj = Z hj—omhj_on (177)
Jl J

and
Dk, = / &1 () () e =

> hi_omhj—on / s (@)sh T (@)de = " hi_amhj_on DT (178)
jl jl

Next consider the individual terms in the resolution 1/2¥*! truncated free
field Hamiltonain H**1(a). This Hamiltonain is the sum of the following three
terms

1
5 Zﬂ: ¥ (n, 0)ITF 1 (n, 0) -, (179)
> @k (m, 0) DELI @ (0, 0) 1, (180)
mn
and
P2 @ (n, 00 (n,0) 1) (181)
The discrete fields in these terms have the form
B (0,0) = [ @, 0)sh 1 )5k ()55 (o) (182
and
11 ,0) = [ Tx,0)sk (o)1 ()5 () (183)

Using (24) these can be expressed in the form

II~+! (n, O) _
/ TH(x, 0)s%, (2)s%, (4)s", ()dx =

/ H(Xa O)(Z hn1—2j1 Sfl (.Z‘) + Z 9ny—2j; w;_cl—l(x)) X
J1 J1
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Zhnz 2525 ]2 +Zg"2 2joW J2 Zh”Z 2j35 ]3 +Zg”3 2jsW ]3 1 (2))dx

(184)
dF+1(n,0) =

[ #6015k, )5, ()%, (e)ax =
/ x, 0)( Zhnl ~2j1 8 ]1 +Zg”1 -2j; W ()
Zhnz 2j2 8 32 +Zgn2 25 W Zhns 2538 j3 +Zgﬂs 2j3 W (2))dx.

These expressions have the form

P+ (n ZHhm_% §,0) + - (186)

5+ (n ZHhm—%Hk j,0) + (187)

where the --- terms represent terms where at least one scale k wavelet wF (z)
appears in the integral. Using these expressions in (179) gives

%(Z (ITF Y (n, 0)ITF Y (n, 0) :=

Z thlizﬁnk .]7 thm72’r‘mn r O) +- =

5(%: (IR (G,000%(G,0) + - = (188)

where we have used (177) three times. We see that this term in the resolution
1/2%+! Hamiltonian can be expressed as the corresponding term in the resolution
1/2F Hamiltonian plus wavelet related corrections that restore the full 1/2%+!
scale physics.

Similarly we find the mass term has the same form

22 ®**+1(n,0)® ! (n,0) : 22 ®*(n,0)%(n,0): +---.  (189)

Finally we consider the term (180)

> @ (m, 0) DEL @4 (n, 0) =

mn

> ZHhml—% (3,0) + )
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Z Dfn—té-(z H hni*ﬂiq)k (17 0) + - ) (190)
1
Using (177) and (178) this becomes

> @%(m,0)Dg,, @ (n,0) : 4+ (191)

mn

Taken together these calculations show that the resolution 1/28t1 free Hamil-
tonain is equal to the resolution 1/2F free Hamiltonian plus a correction that
fills in the missing degrees of freedom that appear in the scale 1/28T1 but not
on scale 1/2%. The correction terms all involve fields smeared with wavelets.
An important observation is that for free fields the derivative terms provide the
coupling between the two scales. A similar analysis can be used to show that
all of the free-field Poincaré generators have the property that the resolution
1/2F+1 operators are equal to the resolution 1/2% generators plus wavelet field
corrections.

While we derived these results by considering the example of a free field,
the result also holds for interactions. For example a scale 1/2%+1 truncated
[ : ®"(x,0) : dx interaction has the form

> @M (my,0) - @F T (my, 0) s TEL L (192)
my-Mn
where
I‘ﬁﬁ.,mn = /sfntl(x) e sﬁltl (x)dx. (193)
Tt is straightforward to show, using (22) and (24), that
anlmn = H hiy—2my, - hlm—anzﬂFﬁfh" (194)
which when used with (186) and (187) gives
>0 om0 88 (g, 0T, =
MMy
> @M (my,0)- - B (mn, O)I%, o+ (195)
my-Mnp
where the --- terms represent the contributions where at least one of the ex-
pansions functions is a scale 1/2* wavelet, wk (z).
It follows that a resolution 1/2**! Hamiltonian has the form
H" Y (a) = H*(a) + H*(b) + H*(ab) (196)

where H*(a) is the part of H**! that has only scale 1/2* scaling function fields,
H*(b) has only scale 1/2% wavelet fields and H*(ab) contains the terms with
at least one wavelet and one scaling function field. In the interacting case the
interaction also contributes to H*(ab)
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The creation operators associated with scale 1/2* scaling function fields and
the creation operators associated with at least one scale 1/2% wavelet field each
generate mutually orthogonal subspaces on the Fock space generated by the
scale 1/2%+1 scaling function creation operators.

On can then seek a unitary transformation that Block diagonalizes H**1(a)
on the subspace generated by the scale 1/2% scaling function creation opera-
tors. The resulting effective Hamiltonain will be a Hamiltonian in the scale
1/2F degrees of freedom that includes the effects of the eliminated scale 1/2F+1
degrees of freedom. Both Hamiltonians are different functions of the same cou-
pling constants and mass parameters. Renormalization of the parameters in
the Hamiltonian of the model is necessary to keep some resolution 1/2* observ-
ables fixed. This gives a new coarse-scale Hamiltonain that includes additional
degrees of freedom at a finer scale.

Because the resolution 1/2* Hamiltonain has the same form for any k, the
starting scale is arbitrary so we can repeat this process, successively eliminating
degrees of freedom associated with smaller and smaller scales, renormalizing the
parameters in the Hamiltonain at each step. At some point one can stop and
the result will be an effective theory that describes the scale 1/2% degrees of
freedom, including the effects of the eliminated scale 1/2%+! degrees of freedom,
or one can proceed to try to find a fixed point of this renormalization group
equation.

The are a number of possible approaches that can be used to eliminate the
scale 1/2F+ degrees that appear in the scale 1/2%+! Hamiltonain but not in the
scale 1/2% Hamiltonian.

An efficient method is to use the similarity renormalization group method[15].
This involves solving the differential equation

P o, ) (197)
with initial condition
H(0) = H""(a) = H"(a) + H*(b) + H"(ab). (198)

The resulting H(\) will evolve to a Hamiltonian that is approximately block
diagonal on the space generated by scale 1/2* scaling function creation operators
and its orthogonal complement. In principle this can also be applied to the full
Hamiltonian. It is easy to see the iterative solution of this equation generates
more complicated interactions in the Hamiltonian with each iteration. The
iteration involves commutators of discrete creation and annihilation operators
multiplied by algebraically computable coeflicients.

A second approach is to try to do this perturbatively. In this case the
Hamiltonian is expressed in the form

H(a) H!
where in this expression H(a) is the part of Hamiltonian that maps the Fock
space generated by the scale 1 /2’“ scaling function creation operators, H¢ is
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the projection of the resolution 1/2%+! Hamiltonian on the orthogonal comple-
ment of this space, and H! and (H!)' are the parts of the resolution 1/2¢+1
Hamiltonian that couple these two spaces.

A unitary transformation of the Okobu [16][17] form

tA)-1/2 gt ty—1/2
U:( (I, + ATA) At (I, + AAT) ) (200)

AL+ ATA)7Y2 (I, + AAT)~1/2

with
A= ( A((;)a) 0 ) (201)

will block diagonailze the Hamiltonian on the Fock space generated by the scale
1/2F creation operators provided A satisfies

AH(a) — H(a)A + (H))T — AHTA = 0. (202)

Equation (202) is a non-linear equation for A that can be solved perturbatively
in H!. In this case we seek a solution for A = 1 of

AH(a) — H(a)A + MN(H))T = NAH'A = 0. (203)

with -
A=>"\"4, (204)

n=1

An important feature of the wavelet method is that the coupling of the scales
proceeds through the terms H (ab). These terms involve discrete operators mul-
tiplied by coefficients that involve integrals over product of scaling functions,
wavelets and their derivatives. Since these coefficients can all be computed ex-
actly (using finite linear algebra) it is possible to identify the largest or most
important terms and discard the smaller ones to get more efficient approximate
solutions.

8 Gauge Invariance

To motivate the implementation of local gauge invariance in the wavelet rep-
resentation of field theory we consider the example of an SU(3) gauge field.
The treatment of full gauge invariance with respect to fields smeared over four
space-time variables or time-independent gauge transformation restricted to a
fixed-time hyperplane for fields smeared over a basis for the hyperplane is sim-
ilar. Since most of our development has been for fields smeared over a basis for
the fixed-time hyperplane, we limit our discussion of gauge transformations to
time-independent gauge transformations.

In the wavelet basis the basis functions are not local, however if all of the
basis functions are retained linear combinations can be used to describe ob-
servables associated with arbitrarily small regions. Locally independent gauge
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transformations can be built out of independent gauge transformation associated
with each of the individual discrete wavelet fields. To be specific we consider an
SU(3) color gauge group.

We consider transformations of the form

F(n,t) — F( ka (n,t)®% (n, ) (205)

OlL(n,a,t) = BL(n,a,1) Y VL (n,0,t)0 (0, 0, 1) (206)

where V¥, (n,t) and V!, (n,a,t) are SU(3) valued functions of the various pa-
rameters. They are mdependent for each independent discrete field operator.

It is obvious that quadratic expressions of the form:

Z@kntfbknt—&—sz n,a,t)®.(n, a,t) (207)

La,c

are invariant with respect to the gauge transformations (205 -206).
The construction of a representation for the covariant derivative can be de-
duced from the continuum covariant derivative

—iDeer = —Vowr + Ad(x t))\ (208)

cc!

where A2, are the Gell-Mann matrices. Matrix elements of these operators in
the wavelet basis have the form

~iDinice =~V fameer + Z A (% )AL (209)
iDL e = — IV e + Z Al a(x DAL (210)
D e =~V e F Z Al a(X AL, (211)

_ZDZTllan[f el = ivﬁlanﬁ o T Z Amanﬁ A (K DAL (212)

where the multi-index quantities appearing in (209-212) are the matrix elements
in the wavelet basis

Vi = [ S0 805h (x)dx (213)
Ala= 3 [ shAL05h (x)dx (214)

K= / SE (X)W b, (x)dx (215)



EDY [ sha A, (x)x
Vihamee = [ o (095.5h ()i
AL Z/ o (X) A ()55 (3)dx
Vit = [ Wha(OV8cwl ()i

il j
Altra = 3 [ o B0Asx) 0} ()
l
This derivative will transform covariantly:

V c’ (m t)D Dﬁ;n;cc’ ‘/CIZ/ (Il, t)

C mno; ce! T
VE (0, DR cer = Dbt Vi (0, 01, 1)
Ve (m,a,tyDl o =D VE (0, a,t)
Vi (0,0, YD s = Diangicer Vier (1, B,1)

provided the vector potential matrix transforms like

V m t Vk Z Cc// m t Afnn;dAg”c -

de!’

k k d k
—iVELVE () + ) AR A VE (0, )
dcl/

kl kl d
ZVCC/(m t ana ZV L (100, t Amna;d)‘c”c =

de!’

—iVH Vel (n,a,t) +ZAﬁlnd d., V% . (n,at)

de!’

—iVl, (m, o, t)VE 4 E VL, (m,a,t) Aiﬁan;d)\guc =

dc//
Lk k Lk d
—iV pon Veer (1, 1) ZA;nan d, vk (n,
dc//
7“/5 (m o t)vmanﬂ + Z cc’’ IIl « t)Az‘naan
dc//
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(216)

(217)

(218)

(219)

(220)

(221)

(222)
(223)

(224)

(225)

(226)

(227)



l
VmanB cc’(n a, t + Z A:'imznﬁ id cc” V::” ( 7ﬂ7 t) (228)
dCI/

With these transformation properties the quantities

—ZZ@“ m, t)Dk ... Pk (n, t) (229)
—i Yy @L(m, a, )DL e OE(m, 1) (230)
—ZZCIJk m t'Dﬁna;cc@é(n,a,t) (231)

—i Y ®I(m, a, )DL 500 Ph(0, B 1) (232)

are invariant.

Because these are invariant, matrix element by matrix element, the invari-
ance is preserved by truncation. A covariant field strength tensor is obtained by
taking the commutator of the covariant derivatives projected on different axes.

Note that the generalization to 3+1 dimensions is a direct extension of the
three-dimensional results. The interesting feature is that in the full theory the
gauge invariance is implemented by an infinite number of independent non-local
gauge transformations that act independently on each degree of freedom.

9 Summary and Conclusion

In this paper we discussed some of the advantages of using the basis generated
by Daubechies scaling functions and wavelets to formulate exact discretizations
of local field theories. We emphasized on the special properties of the basis and
how these could be useful in field theoretic applications. The most important
properties are that the basis functions have compact support, contain locally
finite partitions of unity, and are related to fixed points of a renormalization
group equation.

The working assumption is that it is possible to make sense out of quantum
fields smeared with a class of test functions that are not infinitely differentiable,
but instead have a fractal character with a limited amount of smoothness. The
justification for this is that the integral of a product of Daubechies K = 3
scaling functions over the Kéllén-Lehmann representation of a mass p two-point
Wightman function exists. This justifies the use of wavelet smeared fields in free-
field theories and more generally in models with volume and resolution cutoffs.

Given this assumption the wavelet basis leads to an exact representation of
the local field as an infinite linear combination of smeared fields multiplied by
compactly supported basis functions. The smeared field operators are operators
rather than operator valued distributions. They generate a local algebra in the
sense that in any open set of spacetime there are operators associated with
smearing functions that have support entirely in that open set.
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In the wavelet representation products of local field operators are replaced
by infinite sums of well-defined operators multiplied by products of wavelet basis
functions at different space-time points. In this representation singularities in
the operator products at nearby points are replaced by convergence questions.
For example, the local composite fields in the Wilson-Zimmermann formulation
of the operator product expansion[18] are recursively constructed by identifying
and ordering the most singular matrix elements as the separation between points
vanish. In the wavelet representation these matrix elements are represented
by infinite sums of products of basis functions at different points with well-
defined expectation values of discrete field operators. The identification of the
singularity class of a given matrix elements depends on the asymptotic properties
of the series as a function of the separation between points.

The discussions in this paper focused on fields smeared only over wavelet
basis functions in three dimensions at a fixed time. This representation is more
convenient for dealing with the Hamiltonian formulation of the dynamics as
well as the treatment of the Poincaré symmetry. In this representation, if the
basis is truncated to a finite number of degrees of freedom (equivalent to a
volume and resolution cutoff), then the interactions in the Hamiltonain become
well-defined operators and one can in principle solve for the truncated dynamics.
Because the basis functions are related to fixed points of a renormalization group
equation, Hamiltonians with fine scale degrees of freedom are equal to identical
Hamiltonians with coarse scale degrees of freedom plus additional operators
with additional fine scale degrees of freedom. Eliminating the fine scale degrees
of freedom, rescaling and adjusting the parameters of the theory leads to a
renormalization group transformation. While the calculations are not trivial,
implementation of the decoupling using similarity renormalization group method
involves commutators of discrete canonical fields and algebraically computable
coefficients. Methods for computing these coefficients were discussed in section
five and implemented in the appendix for the parts of the free Hamiltonain that
couple different scales.

Another important property of the wavelet basis is that the scaling functions
on any fixed scale are up, to an overall constant, a locally finite, compactly
supported partition of unity. When inserted in the formal expressions for the
Poincaré generators, expressed as integrals of the energy momentum and angular
momentum densities over a fixed time surface, the generator is decomposed into
a sum of operators that act in different spatial volumes at a given time. This
allows one to exactly test the Poincaré commutation relations in finite volumes.
These exact finite-volume components of the generators can be expressed in
terms of the discrete wavelet fields by replacing each field that appears in the
generator by its expansion in wavelet smeared fields. When these expansions
are truncated, by eliminating small-scale degrees of freedom, the commutation
relations are violated because the products of the small-scale degrees of freedom
couple to the large-scale degrees of freedom. In the wavelet basis these correction
can be identified and their relative importance can be calculated.

A final important property of the wavelet basis is the ability to reduce all of
the quadratures that are needed in the theory to finite algebra. This requires re-
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placing conventional computational techniques that depend on functions looking
smooth on small scales by new methods based on the renormalization group.

We also demonstrate that SU(3) gauge invariance could be implemented ex-
actly in wavelet truncated theories. While our discussion was limited to some
illustrative topics, there are a number of other topics where the wavelet repre-
sentation might have some advantages. These include the wavelet representation
of the operator product expansion, wavelet representations of the Poincaré Lie
algebra in momentum space.

This work was supported in part by the U.S. Department of Energy, under
contract DE-FG02-86ER40286. The authors would also like to thank Profes-
sor Robert Perry for useful discussions on the similarity renormalization group
method and Andreas Schaefer for bringing our attention to some applications
of wavelets in quantum field theory.
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10 Appendix - overlap integrals

In this appendix we compute the overlap integrals DX = that appear in the
free-field Hamiltonian. These are the terms responsible for the coupling of the
degrees of freedom associated with different scales.

The general coefficients are products of the matrices below in the x, y and
z variables. There are nine combinations.

Dk = /s%(aﬁ)sﬁ’(x)dw = 92k / s'(x —m)s' (x —n) = 2"Dyp (233)

o = / sh(@)wy/(z)de = 220N HE R Gy Dy (234)

m’n’

Dl = / wi (z)wh (v)de = 22D N " (GH'™ )y G Doy (1> ).
(235)
The above expressions show that each of these integrals are linear combina-
tions of the matrices

Dy = /sf(m)s’m(m)daz (236)

We can use translational invariance to write (236) equation as

Dy = Do i = /s’(m)s;n_l(x)dm. (237)
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Because of the support conditions on the scaling functions these vanish unless
[n —m| < 4. Tt is difficult to get an inhomogeneous equation for Dj,,, because
the obvious choice, using the partition of unity (152) satisfies

> Do 1 =0 (238)
l

for any m. This is because what remains is the integral of the derivative of a
continuous function with compact support. To get around this problem we use
the partition of unity (21) to get the relation

Do,m—1 = D, = ZDnlm = Z / sn(x)s)(z)s), (z)dz. (239)

This expresses the coefficients D,,,, as linear combinations of Dj,,,. Using the
methods discussed in section five we find that coefficients Dy = Do i1—nm—n
satisfy the Homogeneous equations

Doty = 42 Z Hon Hy 40 Hp j4nDok;j (240)
n,k,j
and
Y Dot =0 Doim — Doyt =0 (241)

and the inhomogeneous equation
> D = / sn(2)s), (£)dz = Tpp = Com—n. (242)
1

An independent subset of these equation can be solved for the non-zero Dg;,s
in terms of the I'y,,. The coefficients I'y,, satisfy the homogeneous equations

Fy=2 Z HomHinimIon (243)

m,n

and

an% =1 (244)

where we have used the partition of unity (152). These equations can be solved
for the non-zero I'y,, and the solutions can be used to calculate Dg;,, from which
one can derive Dy, using (239). These can be used calculate (233-235) and
products of these quantities give the coefficients (99-101) for any combination
of indicies. The results of the calculation of the nine non-vanishing Dy, are
given in Table 2.

The results of the calculation of the non zero I'y, and Dg,,, are given in
tables 3 and 4.
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Do_4 | —5.357 x 1073
Do_s | —1.143 x 1071
D0_2 8.762 x 1071
Do_1 | —3.390
Doo 5.268
Do —3.390
DOQ 8.762 x 10_1
Dos | —1.143 x 1071
Doy | —5.357 x 1073
Table 2:
To_s | —3.424658 x 10~*
To_3 | —1.461187 x 102
To_o 1.452055 x 1071
To_1 | —7.452055 x 107!
Too —5.116622 x 1016
Lo 7.452055 x 1071
Too —1.452055 x 1071
Tos3 1.461187 x 102
Tos 3.424658 x 10~*
Table 3:
Do_a_a | 4.056756 x 107° | Dy_1_o | —6.544856 x 10~ T | Dy12 1.758631 x 10~ T
Do_4_3 1.620980 x 10~% | Dy_1_1 2.323493 Doi3 1.299066 x 102
Do_4_o | —6.227505 x 10™* | Do_19 | —2.071142 Do1s —8.819594 x 10~°
Do_4_1 9.394026 x 10~4 Do_11 3.284401 x 107! Doo_o 1.773552 x 1073
Do_40 | —5.193176 x 10~* | Dy_12 3.304668 x 1072 | Dgo_1 3.304668 x 1072
Do_3_4 1.620980 x 10~% | Do_15 | —3.892382 x 10~* | Dyao —8.023148 x 1072
Do_3_3 1.782152 x 1072 | Dgo_4 | —5.193176 x 10~* | Doy 1.758631 x 1071
Do_3_9 | —4.290543 x 1072 | Dgo—s | —8.962795 x 1073 | Dyao —1.066658 x 107!
Do_3_4 4.009720 x 102 | Dgg_2 5.753018 x 10~! | Dyas —2.400100 x 102
Dy_30 —8.962795 x 1073 | Dgo_1 —2.071142 Doy 2.149391 x 10™4
Dgy_31 —6.212589 x 103 Dooo 2.364229 Doz—1 —3.892382 x 1074
Dg_o_4 | —6.227505 x 10™* | Doo1 —7.734980 x 10~ | Dy —5.168265 x 1073
Do_o_3 | —4.290543 x 1072 | Dgpo —8.023148 x 1072 | Dys31 1.299066 x 102
Do_o_o 2.549910 x 10~" | Dqos —5.168265 x 1073 | Dgs3o —2.400100 x 1072
Do_o_1 | —6.544856 x 101 Dooa —9.550006 x 10—6 Do33 1.703740 x 10~2
Dy_s9 5.753018 x 10~ | Dgi_3 —6.212589 x 1073 | D3y —4.695561 x 104
D0_21 —1.340525 x 1071 D01_2 —1.340525 x 1071 D040 —9.550006 x 1076
Do_22 1.773552 x 1073 | Dg1-1 3.284401 x 10~ | Dous —8.819594 x 105
Do_1_4 9.394026 x 10™* | Dgio —7.734980 x 10~ | Dg4o 2.149391 x 10~
Do_1_3 | 4.009720 x 102 | D11 3.965574 x 10~ | Dgas —4.695561 x 10~4
Dous 3.523629 x 10~
Table 4:
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