
Schwinger functions

Moments of a Euclidean path integral

Sn(x1, · · · , xn) :=

∫
D[φ]e−A[φ]φ(x1) · · ·φ(xn)

Euclidean invariance

Sn(x1, · · · xn) = Sn(Ox1 − a, · · ·Oxn − a)

OOt = I ; a constant Euclidean 4 vector



Relativity and Euclidean invariance

det(A) = det(B) = 1

X =

(
t + z x − iy
x + iy t − z

)
X =

(
iτ + z x − iy
x + iy iτ − z

)

det(X ) = det(AXBt) = t2 − x2

det(X ) = det(AXBt) = −(τ2 + x2)

(A,B) ∈ SL(2,C)× SL(2,C)

Complex Lorentz group = Complex O(4)

Real O(4) = Subgroup of Complex Lorentz group



Analytic properties - spectral condition p0 > 0

〈0|φ(xn) · · ·φ(x1)|0〉c =

Insert positive energy intermediate states
(no vacuum in truncated functions)

∑∫
c
〈0|φ(x1) · · ·φ(0)|pn〉e ipn·(xk−xk−1)dpn〈pn|φ(0) · · ·φ(xn)|0〉c

ipn · (xk − xk−1) = −ip0n(tk − tk−1) + ipn · (xk − xk−1)

p0n > 0 analytic for tk − tk−1 − iτ τ > 0



Analytic continuation

Tube: Im(p · z) > 0

Covariance w.r.t. complex Lorentz group

Extended Tube: zk ∈ tube z ′k = Λczk

〈0|φ(z ′n) · · ·φ(z ′1)|0〉c := 〈0|φ(Λczn) · · ·φ(Λcz1)|0〉c

Extended permuted tube: {xn} ∈ extended tube xk−xl spacelike

Use locality to permute variables

〈0|φ(z1) · · ·φ(zn)|0〉c = 〈0|φ(zσ(1)) · · ·φ(zσ(n))|0〉c

Schwinger functions symmetric!



Schwinger continuation

Gn(x1, · · · , xn) = lim
θ→π/2

Sn(x1(φ), · · · , xn(φ))

xk(φ) = (τke
iφ, xk) 0 ≤ φ < π/2

Euclidean time-order = Minkowski time-order

Osterwalder - Schrader continuation

〈0|(φ1(x1) · · ·φn(xn))|0〉 = lim
0<τ1<···<τn→0

Sn(τ1+it1, x1, · · · τn+itn, xn)

n! different possible time orderings → n! field orderings



• Locality: Single Schwinger function gives time-ordered
Green function and n! Wightman functions.

• Analytic continuation in x-space has no obstructions.

• Euclidean Green functions satisfy Schwinger-Dyson
equations.

• Euclidean Green functions can be used to construct
quantum mechanics (H,U(Λ, a) : H → H)

• Euclidean Green functions related to Lagrangian via path
integral.



Quantum Mechanics: Hilbert space vectors

f := (f1(x11), f2(x21, x22), f3(x31, x32, x33), · · · ) ∈ S+

S+ : f = 0 unless 0 < x0n1 < x0n2 < · · · < x0nn

Θf := (f1(θx11), f2(θx21, θx22), f3(θx31, θx32, θx33), · · · )

θx = θ(x0, x) = (−x0, x)



Quantum mechanics: Hilbert space inner product

〈f |g〉 = (Θf ,Sg)e = (f ,ΘSg)e =

∑
mn

∫
d4nx d4my f ∗n (xn1, xn2, · · · , xnn)×

Sm+n(θxnn, · · · , θx1n, y1m, · · · , ymm)×

gm(ym1, ym2, · · · , ymm).

Reflection positivity

f ∈ S+ 〈f |f 〉 ≥ 0

No Analytic continuation!



Comments on reflection positivity

The support conditions are necessary

Θf = −f → 〈f |f 〉 < 0

Euclidean time support must be disjoint -

the order is not important (locality)

Sn(x1, · · · , xn) = Sn(xσ(1), · · · , xσ(n))

Sequential support needed for cluster properties

Not easy to verify,
not stable with respect to small perturbations,

can be satisfied on lattice
preserved under limits



〈f |g〉 = Minkowski inner product !

Example: 〈f |g〉 = (f ,ΘS2g)

General S2: Källen-Lehmann representation

S2(x − y) =
1

(2π)4

∫
e ip·(x−y)ρ(m)

p2 + m2
d4pdm

ρ(m) = Lehmann weight

ρ(m) =
∑
n

znδ(m −mn) + ρc(m)



〈f |g〉 =

∫
f ∗(x)S2(θx− y)g(y)d4xd4y =

1

(2π)4

∫
f ∗(x)

e ip
0(−x0−y0)+ip·(x−y)ρ(m)

(p0)2 + p2 + m2
g(y)dmd4pd4xd4y =

Close contour LHP

1

(2π)3

∫
f ∗(x)

e−ωm(p)(x0+y0)+ip·(x−y)ρ(m)

2ωm(p)
g(y)dmdpd4xd4y =

∫
χ∗(p)

ρ(m)

2ωm(p)
dmdpψ(p)

Lorentz invariant measure / no analytic continuation!



The momentum-space wave functions are

χ(p) =

∫
dx

(2π)3/2
f (x0, x)e−ωm(p)x0−ip·x

φ(p) =

∫
dy

(2π)3/2
g(x0, x)e−ωm(p)x0−ip·y

The Hamiltonian and (mass)2 operators are

H =
∂

∂τ
M2 =

∂2

∂τ2
+∇2

x = ∇2
x



Widder’s theorem/reflection positivity
most general g(t) satisfying:

g(t) :

∫
f (t)g(t + t ′)f (t ′)dt ′dt ≥ 0

⇓

g(t) =

∫
dmρ(m)e−mt

Lehmann version

1

π

∫ ∞
−∞

dλ

∫ ∞
0

dm
e iλtmρ(m)

λ2 + m2
=

θ(t)g(t) + θ(−t)g(−t)



For positive-time support

g(t) =

∫ ∞
0

dm
mρ(m)

π
e−mt =

1

π

∫ ∞
−∞

dλ

∫ ∞
0

dm
e iλtmρ(m)

λ2 + m2
.

Widder’s theorem implies that the most general
reflection positive operator in 1 dimension is essentially
given by a Lehmann representation.



Relation to positive self-adjoint operators, P:

(f ′, f ) =

∫ ∞
0

f ∗(p)g(p)dµ(p)

Spectral decomposition

f (p) =

∫ ∞
0

e−psk(s)ds =

∫ ∞
0

ds

∫ ∞
−∞

dλe−ps+iλsh(λ) =

∫ ∞
−∞

1

p − iλ
h(λ)dλ

(f ′, f ) =

∫ ∞
−∞

dλ

∫ ∞
0

dpk ′(λ)
pdµ(p)

π

dλ

λ2 + p2
k(λ) =∫ ∞

−∞
dλ

∫ ∞
0

h′(λ)
pdµ(p)

π

1

λ2 + p2
h(λ)



Spectral decomposition of positive operator (energy) has
the same form as most general reflection positive
operator!

mρ(m)↔ pdµ(p)/π

Energy poles appear in the Fourier transform variables.

Sequential time support because positive energy
intermediate states between each adjacent pair of field
operators?

Positive energy colorless intermediate states - reflection
positivity for singlets.



Quantum mechanics: Poincaré generators

Euclidean group = complex subgroup of Poincaré group

Hfn(xn1, xn2, · · · , xnn) =
n∑

k=1

∂

∂x0nk
fn(xn1, xn2, · · · , xnn)

Pfn(xn1, xn2, · · · , xnn) = −i
n∑

k=1

∂

∂xnk
fn(xn1, xn2, · · · , xnn)

Jfn(xn1, xn2, · · · , xnn) = −i
n∑

k=1

xnk ×
∂

∂xnk
fn(xn1, xn2, · · · , xnn)

Kfn(xn1, xn2, · · · , xnn) =
n∑

k=1

(xnk×
∂

∂x0nk
−x0nk

∂

∂xnk
)fn(xn1, xn2, · · · , xnn).



Hermiticity of H on H

H =
∂

∂τ∫
f ∗(τ ′)S2(θ(τ ′)− τ)

∂

∂τ
f (τ)dτdτ ′ =

−
∫

f ∗(τ ′)
∂

∂τ
S2(−τ ′ − τ)f (τ)dτdτ ′ =

−
∫

f ∗(τ ′)
∂

∂τ ′
S2(−τ ′ − τ)f (τ)dτdτ ′ =∫

((
∂

∂τ ′
)f (τ ′))∗S2(θτ ′ − τ)f (τ)dτdτ ′

〈f |Hf 〉 = 〈Hf |f 〉 H = H†

Similarly K = K† on H



Self-adjointness of generators

H generator of contractive semigroup on H

P,J generators of unitary one-parameter groups on H

K generator of local symmetric seimgroups

In all cases generators are self adjoint!

Generators satisfy Poincaré Lie algebra
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Spectral condition

‖e−βH |f 〉‖2 = 〈e−βH f |e−βH f 〉 =

〈f |e−2βH f 〉 ≤ ‖e−2βH |f 〉‖‖|f 〉‖

‖e−βH |f 〉‖ ≤ ‖e−2nβH |f 〉‖
1
2n ‖|f 〉‖1−

1
2n ≤ (f , Sf )

1
2n+1
e ‖|f 〉‖1−

1
2n

(f , Sf )e <∞

⇓

‖e−βH |f 〉‖ ≤ ‖|f 〉‖

⇓

H ≥ 0



Scattering - general considerations

P = |〈f+|f−〉|2 = |〈f0+|S |f0−〉|2

where

lim
t→±∞

‖|f±(t)〉 − J|f0±(t)〉‖ = 0

lim
t→±∞

‖|e−iHt f±(0)〉 − Je−iHf t |f0±(0)〉‖ = 0

lim
t→±∞

‖|f±(0)〉 − e iHtJe−iHf t |f0±(0)〉‖ = 0

S = lim
t→∞

e iHf tJ†f e
−i2HtJie

iHf t

J =

∫
|(m1, j1)p1, µ1〉 × · · · × |(mn, jn)pn, µn〉

Hf =
∑
n

√
p2
n + m2

n



J includes internal structure of composite particles
and contributions due to self interactions

J separates observable properties of asymptotic particles
(mass, momentum, spin) from internal structure

J maps tensor products of irreducible representations of
Poincaré group (particles) into H



lim
t→±∞

e iHtJe−iHf t |f0±(0)〉 =

|f0±(0)〉+

∫ ±∞
0

d

dt
e iHtJe−iHf t |f0±(0)〉dt

sufficient condition for convergence
(Cook condition)

∫ ∞
c
‖(HJ − JHf )e∓iHf t |f0±(0)〉‖dt <∞



Scattering - Euclidean case (2→ 2)

S4(x1, x2, y2, y1) = S2(x1, y1)S2(x2, y2) + Sc(x1, x2, y2, y1)

S2(x1, y1) =
1

(2π)4

∫
e ip·(x−yρ(m)

m2 + p2
d4pdm

ρ(m) =
∑
i

ziδ(m −mi ) + ρc(m)

〈x1, x2|J|p1,p2〉 = h1(∇2
1)h2(∇2

2)δ(x01 − τ1)δ(x02 − τ2)
1

(2π)3
e ip1·x1+ip2·x2

h(m2
i ) = 1 ρ(m)h(m2) = ziδ(m −mi )



Cluster properties of Euclidean Green functions essential
for scattering.

g(x) = f (x)δ(x0 − τ) is square integrable on H in spite of
delta function!

Simple way to satisfy the support condition.

We use the fact that m2 on the two-point function is
represented by Laplacian.

h selects mass of scattering asymptote.

We need to be sure that h(∇2) preserves the relative
Euclidean time support condition.



Existence (Cook condition - Euclidean representation)

∫ ∞
0
‖(HJ − JHf )e−iHf t |f0±(0)〉‖dt <∞

‖(HJ − JHf )e−iHf t |f0±(0)〉‖2 =

((HJ† − J†Hf )e−iHf t f Θ(S2S2 + Sc)(HJ − JHf )e−iHf t f )



‖(HJ − JHf )e iHf t |f0〉‖2 =

∫
f ∗1 (p1)f ∗2 (p2)e i(ωm1 (p1)+ωm2 (p2))tdp1dp2

(
∂

∂x01
+

∂

∂x02
− ωm1(p1)− ωm2(p2))〈p1,p2|J†|x1, x2〉×

d4x1d
4x2S2(θx1, y1)S2(θx2, y2) + S4c(θx1, θx2, y2, y1)d4y1d

4y2×

(
∂

∂y01
+

∂

∂y02
− ωm1(p′1)− ωm2(p′2))〈y1, y2|J|p′1,p′2〉

e−i(ωm1 (p
′
1)+ωm2 (p

′
2))t f1(p′1)f2(p′2)dp′1dp′2



∂

∂x0
→ ωm(p)

h(m2) in J picks out single mi so the coefficients of the
S2 terms vanish.

This eliminates the Maiani Testa problem!

The strong limit would not exist without the h(∇2)
factors.

Since h(m2) = h(∇2) it is not automatic that hf and f
have the same support condition (0 for τ < 0):

ea
∂
∂τ f (τ, x) = f (τ + a, x)



‖(HJ − JHf )e iHf t |f0〉‖2 =

∫
f ∗1 (p1)f ∗2 (p2)e i(ωm1 (p1)+ωm2 (p2))tdp1dp2

(
∂

∂x01
+

∂

∂x02
− ωm1(p1)− ωm2(p2))〈p1,p2|J†|x1, x2〉×

d4x1d
4x2S4c(θx1, θx2, y2, y1)d4y1d

4y2×

(
∂

∂y01
+

∂

∂y02
− ωm1(p′1)− ωm2(p′2))〈y1, y2|J|p′1,p′2〉

e−i(ωm1 (p
′
1)+ωm2 (p

′
2))t f1(p′1)f2(p′2)dp′1dp′2

Integral converges for good S4c



Lorentz invariance of S-matrix

lim
t→±∞

‖(KJ − JKf )e iHf t |f0〉‖ = 0

∫ ∞
c
‖(KJ − JKf )e∓iHf t |f0±(0)〉‖dt <∞



Does h(∇2) preserve the support condition?

f (x) = 0 x0 < 0→ h(∇2
4)f (x) = 0 x0 < 0?

Yes if polynomials in m2 are complete on H,
h(m2) ≈ p(m2)

Sufficient condition - Carleman

∞∑
n=1

γ
− 1

2n
n >∞

γn := 〈ψ|ΘS2(∇2)n|ψ〉 =

∫ ∞
0

ψ(p, x0)
e−ωm(p)(x0+y0)

2ωm(p2)
ρ(m2)m2nψ(p, y0)dpdx0dy0dm.

Satisfied if ρc(m) is polynomially bounded.



Discrete Lehmann weight (not physical)

hj(x) =
N∏
i 6=j

x −m2
i

m2
j −m2

i

Continuous part of Lehmann weight has compact support
(not physical)

hj(x) ≈ pj(m
2)



Continuous part of Lehmann weight semi infinite
(physical case)

Completeness depends on growth of moments

γn :=

∫ ∞
0

e−
√

m2+p2τ

2
√
m2 + p2

ρ(m)m2ndm

γn → γ′n =

∫ ∞
0

e−
√

m2+p2τ

2
√
m2 + p2

m2n+kdm

1

2

∫ ∞
0

e−pτ cosh(η)

cosh(η)
(p sinh(η))2n+k cosh(η)dη ≤ 1

2
τ−2n−kΓ(2n+k−2)

Γ(x + 1) =
√

2πxx+1/2e−x+θ/12x

(
1

γn
)

1
2n ≥

√
2

π

1
2n

τ1+
k
2n (2n+k−2)−1−(k−3/2)/2ne

(1+(k−2)/2n)− θ
1+(k−2)/2n



∞∑
n=1

γ
− 1

2n
n >

∞∑
n=0

c

2n + k − 2
>∞

The inequality shows that h(m2) can be approximated by a
polynomial with controlled error.

We still need a computational strategy to compute S-matrix
elements.



Computations

lim
t→∞

(e iH0t f0+ΠΘS4e
−2iHtΠe iH0t f0−)

Invariance principle: H → f (H) = e−βH

= lim
t→∞

(e−ine
−βH0 f0+ΠΘS4e

i2ne−βH Πe−ine
−βH0 f0−)



Leads to following expression for S-matrix elements

〈f 0+|S |f 0−〉 = 〈f ′1f ′2 |S |f1f2〉 =

lim
s→∞

∫
f ′∗1 (p′1)f ′∗2 (p′2)h′1(−p′21 )h′2(−p′22 )d4p′1d4p′2d

4p1d
4p2×

e−ise
−β(ω′1(p

′
1)+ω

′
2(p
′
2))e2ise

−iβ(p10+p20)e−ise
−β(ω1(p1)+ω2(p4))×

e−i((p10+p′10)τ1+(p20+p′20)χτ2)×

S̃4(−p′2,−p′1, p1, p2)h1(−p21)h2(−p22)f1(p1)f2(p2)

No analytic continuation !
existence of limit requires smearing



To calculate 〈p′1,p′2|T |p1,p2〉 assume that it varies slowly on
the width of the momentum-space wave packets.

⇓

〈p′1,p′2|T |p1,p2〉 ≈
i

2π

〈f ′1f ′2 |(S − I )f1f2〉
〈f ′1f ′2δ(E − E ′)f1f2〉

for sharply peaked wave packets



Entire calculation can be performed without analytic
continuation.

Straightforward generaliztion to arbitrary initial and final
states.

Needs Schwinger functions as input.

Explicit formula - no analytic continuation.

Reflection positivity essential.

QCD only need reflection positivity for singlets.



Calculations? How can we perform 12 dimensional
interals accurately?

Reflection positivity; structure theorem ?

Implementation on lattice?

Current matrix elements, final state interactions?

Timelike momentum transfers?


